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1 Introduction

1.1 Hamiltonian Systems

The Hamiltonian dynamical systems have been of much interest in many research
areas. They are the systems that can be expressed as Hamiltonian equations. The
equations are formulated by the Hamiltonian mechanics, an alternative and equivalent
formalism of Newtonian and Lagrangian which have become one of the most useful
tools in the mathematical theory of physical and engineering sciences. Hamiltonian
mechanics were first introduced by William Rowan Hamilton in 1833. Since then,
many famous scientists, such as Poincaré, Jacobi, Birkhoff, Weyl, Kolmogorov, and
Arnold, have studied the subject [1]. A system is governed by the total energy or the
”Hamiltonian”: H. The Hamiltonian generally, for a closed system, comprises the
kinetic and the potential energy.

Hamiltonian systems typically arise as models of conservative physical systems and
have many applications in classical mechanics, molecular dynamics, hydrodynamics,
electrodynamics, plasma physics, relativity, astronomy, and other scientific fields [41,
42]. Almost all real physical processes with negligible dissipation can be described in
some way or another by Hamiltonian formalism [1].

The formulation of a Hamiltonian system with a given Hamitonian function
H(p1, .. Pns 1, - -, qn) is given by

= — — = : =1,2,... 1
dt og;”  dt  Op;’ ! 1Sl (1)
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This system can be represented in a matrix form as

o: _ ,.0H

g — T
5 J 5. ° (p,a)”.

0o I,
where J =

I, 0
In particular, a canonical linear Hamiltonian system is defined by a quadratic
Hamiltonian
1

H=-:"Lz
2

where L is a 2d x 2d, d is degree of freedoms, symmetric matrix and z = [p, q|”.

1.2 Conservation properties of the Hamiltonian Systems

In addition to its elegance and symmetry, a Hamiltonian system has some remark-
able qualitative properties; Geometrical structure, Conservation laws, Symmetries,
and Asymtotic behaviors would be some examples. Most important among those
properties are its symplectic structure, discussed in section 1.3, and the optimality
for energy preservation. Any good numerical scheme should be able to replicate as
many of these physical properties as possible. The symplectic structure is, in na-
ture, volume-preserving. Traditional ODE solvers such as Runge-Kutta or multi-step
methods usually do not preserve the symplectic structure and energy. As a conse-
quence, numerical trajectories tend to gradually drift away from the true solution
trajectories in a phenomenon called phase shift.

One of the reasons why it is important to preserve qualitative structure is that

those properties can be found in a system that occurs naturally ,e.g. stellar dynam-
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ics or molecular dynamics, mechanical system evolving under rotational constraints.
Those systems can be described by Hamiltonian systems with many conservative laws
[6].

Theoretical study shows that the solution of a Hamiltonian system can be de-
scribed by an evolution semigroup which is a symplectic mapping for any fixed ¢.

Furthermore, the Hamiltonian is conserved along trajectories,

H(pn(tn), qn(tn)) = H(pn(to), an(to)) = H(po, o),

i.e., a spectral method preserves the energy up to numerical integration error. In many
practical problems, due to the analytic nature of H(p,q) and the spectral accuracy,
we are able to control the numerical quadrature error to the machine epsilon, i.e.,
10~ with a reasonable N, say, N < 20. In this case, the spectral methods that we
are introducing preserve the energy in practice.

For another important feature or property of the Hamiltonian system or the sym-

plectic structure (discussed further in section 1.3.1), namely, the Jacobi matrix of the
Ozn 5 — y4
0zo )’ - \q

Oan p (0N S0
820 820
—Ixy O

transformation

satisfies

Note that with the above notation, the Hamiltonian system can be written as

Z¢ = J_lHZ.

ol LElUMN Zyl_i.lbl
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Based on the high accuracy of the spectral Galerkin and the spectral collocation

methods, it is reasonable to expect that

azN r 821\/ . _oN
(azo) J(azo)_JJrO(e )

This has a significant meaning in practice. When the error reaches the machine
epsilon which is about 1071°, the scheme is, in practice, volume-preserving (i.e., pre-
serves the symplectic structure)! The reader is referred to [50] for more conservation

properties of numerical methods.

1.3 Numerical Methods for the Hamiltonian Systems

The numerical study for the ordinary differential equations has attracted a lot of
interests from many research areas. It has continued to be a lively area of numerical
analysis for more than a century [16]. There are useful and well known theoretical
studies and results shown in e.g., Hairer [35], Butcher [7, 8]. However, the theory of
numerical methods for ordinary differential equations has reached a certain level of
maturity in the last few decades [35]. Many ordinary numerical approximations of the
systems , e.g. most of the Runge- Kutta methods, finite element method, finite differ-
ence method, are not structurally stable for the long-term behavior of the numerical
solution. The motivation for developing structure-preserving algorithms for special
classes of problems came independently from different areas of research such as as-
tronomy, molecular dynamics, mechanics, theoretical physics, and numerical analysis

as well as from other areas of both applied and pure mathematics. It turns out that
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the preservation of geometric properties of the flow not only produces an improved
qualitative behavior, but also allows for a more accurate long-time integration when

compared with the general-purpose methods.

1.3.1 Symplectic Algorithms

The numerical solution of a Hamiltonian system is one of the significant topics in
geometric numerical integration [16]. The implementation of the numerical approx-
imation as the exact solution of an ordinary differential equation should be insight
with the long-time behavior.

The idea of developing numerical methods that maintain the symplectic structure
was first studied in a general setting by Feng in the 1980s [19]. This was followed
by a successful systematic study of designing so-called symplectic algorithms [20,
21, 22, 23, 24, 25, 26, 35, 47]. But, none of these symplectic algorithms is energy-
preserving in general. Indeed, it was proved that there exists no energy-preserving
symplectic algorithm for the general nonlinear Hamiltonian systems [28, 18]. On the
other hand, Galerkin-type methods such as finite element methods are well-known
to preserve energy. Now we face a dilemma having to choose between preserving
energy and preserving symplectic structure. Some argue that for highly oscillatory
problems, preserving energy may be more important than the symplectic structure
(13, 14, 46, 10, 27, 6].

Let ¢ be a C! transformation in a domain  given by [46]

(»".q") = ¥(p,q).
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This transformation 1 is area preserving if and only if the Jacobian determinant is 1

('] = 1);

8}7* @ * * * *
g = | P M| = Ip*og"  Op" g _
’ g og" Op O¢  Oq Op
op  Oq
_ o o 0 In v g
b0 o —Iv 0 o o
0 Iy

= ¢ Ty where J=
—Iy O

Therefore, in order to check symplecticness, the transformation must satisfies
0z N r 0z N 0 IN
— ) J| =) =, J =
820 820
—Ixy O

Some examples of symplectic algorithms are shown in the Appendix(B).

1.3.2 Spectral Methods

Spectral methods were originally introduced in 1944 by Blinova and were first
implemented in 1954 by Silberman. It was virtually abandoned in the mid 1960s
but resurrected in 1969—70 by Orszag and by Eliason, Machenhauer and Rasmussen.
Then it was developed for specialized applications in the 1970s, endowed with the
first mathematical foundations by the seminal work of Gottlieb and Orszag in 1977.

The extension of the methods and their analysis to a broader class of problems was
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proposed in the 1980s, and entered the mainstream of scientific computation in the
1990s [12].

Spectral methods are a class of spatial discretizations for differential equations.
The key components for their formulation are the trial functions (also called the ex-
pansion or approximating functions) and the test functions (also known as weight
functions). The trial functions, which are linear combinations of suitable trial basis
functions, are used to provide the approximate representation of the solution. The
test functions are used to ensure that the differential equation and perhaps some
boundary conditions are satisfied as closely as possible by the truncated series expan-
sion. The spectral method and finite element method are closely related and built
on the same concepts. The main difference is that the spectral method approximates
the solution as a linear combination of continuous functions over the domain (global
smooth functions), while the FEM approximates the solution as a linear combination
of piecewise functions on a small subdomain(local smooth functions).

There are three classifications of spectral methods according to the test functions

and the residual. Consider the problem [37]

ou(zx,t)
ot

= Lu(z,t) , x€[a,b],t>0
BLUZO y BR’U:O t>0

u(z,0) = f(x)

where By, p are the boundary operators at = =a, v =b.

oLl Zyl_i.lbl
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The residual of the numerical solution uy(x,t) is defined by

Oun(x,t)

RN(:Eat) = ot

— Lun(x,t).

1. Spectral Galerkin Method

In this method, we seek solutions, uy(z,t) € By of the form

un(z,t) =Y a;(t)¢;(x)

J=0

where ¢;(x) is a polynomial taken from space

By = span{¢;(x) € span{z*}}_ | Bpu=0 , Bru=0}Y,.

This method requires the residual Ry to be orthogonal to the test functions from
the space By.

2. Spectral Tau Method

In this method, we seek solutions uy(z,t) € By. However, we do not project the
residual onto the space By but rather onto the polynomial space Py_j = span{z"}\
where k is the number of boundary conditions i.e. the test functions are not required
to satisfy the boundary conditions. However, the boundary conditions are enforced
by an additional set of k equations.

3. Spectral Collocation Method

This method does not require the projection of the residual onto some polynomial
space to be zero. The method is obtained by seeking uy(z,t) € By and requiring the

residual to vanish at a certain set of grid points, normally some set of Gaussian-type

points

ol LElUMN Zyl_i.lbl
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5 |lo; — Lun(,1)]a;
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where {z;}’s are Gaussian-type points.

For more references regarding spectral and spectral collocation methods, the
reader is referred to [4, 5, 11, 12, 29, 30, 38, 45, 48, 51] and references therein.

There have been some recent attempts in using the spectral method [49] and
the spectral collocation method, derived from a recursive relation of the Legendre
polynomials [31], to solve the ODEs. We introduce an algorithm based on spectral
collocation and Tau method to preserve both energy and volume (symplectic struc-
ture) up to numerically negligible error terms. If the error term is so small that it
reaches the machine epsilon, the computer round-off error, then the algorithm is prac-
tically energy and volume preserving. We shall use a series of numerical benchmark
problems to demonstrate that our methods are effective and much more accurate than
the symplectic methods with a similar computational cost.

This work carries on a systematic comparison between the proposed spectral col-
location method and the symplectic methods. It gives a comparison of numerical
results of both linear and nonlinear Hamiltonian systems by using the spectral meth-
ods and the symplectic methods. The collocation methods demonstrate an evidence

of a better approximation on linear and nonlinear Hamiltonian systems.

ol LElUMN Zyl_i.lbl
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2 Methods

In this section, we will discuss the methods to obtain the optimum results for
a given Hamiltonian system. As mentioned in the first chapter, a good numerical
method should preserve the structure of the solution in a long-term period. There
are several spectral methods that will be considered in this chapter. We also compare
the result with the symplectic methods.

For simplicity, we use the case n = 1 in (1) to illustrate the idea. We can apply
this simple model to a larger system, with n > 1, in a similar way. Consider the

nonlinear Hamiltonian system

OH ,_OH
V==, =0, ¢=73-=Cwqg.  pO)=p, ¢0)=0w

where F' and G are nonlinear functions. We solve the system on [0,7] first, then
use the obtained values (p(T'),¢(T")) as an initial condition to repeat the process on
[T,2T] , and so on. Here T could be large; but a convenient choice is T = 2. However,

the best T' is within [0.75, 2].

2.1 Spectral Collocation Method with the Differentiation Ma-
trices

We use either the Chebyshev-Gauss-Lobatto or the Legendre-Gauss-Lobatto col-

location methods to solve it. Let ty < t; < ---ty be collocation points where to = 0

and ty =1T.

ol LElUMN Zyl_i.lbl
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11

2.1.1 Spectral Collocation Method with the Chebyshev Differentiation

Matrix

We are seeking numerical approximations (interpolations of p and q) pV,¢" €

Pn[0,T], p™(0) = po and ¢V (0) = qo of the form

pN(t) = Z a;Ti(t) = pa(t;)l(t)

=0
N N
gV (1) =D 0Tt =D an(ty)l;(t)
=0 =0
such that
de N N
W(tk) = F(p"(te),q" (tx)) , 0<k <N,
qu N N
W(tk) = G (te),q¢" (tx)) , 0<k<N,

where tg, 11, ...,ty are the transformed Chebyshev-Gauss-Lobatto quadrature points,

1.e. tj = 9

where z; = —cas(%j) , j=0,1,...; N and T}s are the Chebyshev
polynomials on [0, 7.

Note that l;(z;) = 0;; where , for Chebyshev-Gauss-Lobatto,

(=D = 2*)Ty(x)
;N2 (z — x;)

lj(x) =

co = cy = 2 and ¢; = 1 otherwise [37, 12].

The system can then be written as

> dip"(t;) = F(™ (), ¢V (1))
7=0

Z djin(tj) = G(pN(tl)a qN(tl))

www.manaraa.com




12

for each7=0,1,..., N.
In the literature of the spectral method, the explicit form of the differentiation

matrix D = (dij)ﬁ’jzo is known [4, 5, 37, 11, 12, 30, 48] where

(

2 .
_2N%41

6 7 :j:o

ﬁ(_1)Z'+J' . .
Cj zi—zj ’Z # j

2N241
6 7Z_.]_N
\

2
With the scaling of T this differentiation matrix can be transformed to the in-
terval [0, T7.
Note that the rank of the (N + 1) x (N + 1) matrix D is N. Therefore, we may

solve the system

dyipy + diopa + - - - dinpn = f(p1,q1) — diopo

dyipi + dyapa + - -dynpy = F(pY,¢") — dnopo

diug +diege + - -divgy - = 9(p1,q1) — dioqo

dyviqi + dn2ge + - -dyvgn = G(pN7 QN) — dnoqo

)r )T, where here we denote

to obtain P = (p17p27"'7pN and qQ = (QIaQ2;"'7QN

PN (tr) = pr, ¢~ (tr) = qx, and use the rest two equations

doipr + doap2 + - - - donpn = F(po, qo) — doopo,

www.manaraa.com



13

doigr + do2ga + - - - dongn = G(po, qo) — dooqo

to estimate the error.

If we denote,

)

F(pl, 91) — diopo G(pb Q1) — di0qo
F(p2,q2) — daopo G(p2, ¢2) — da0qo
F(p,q) = , and G(p,q) =
F(p™,q") — dnopo G(pN,qd") — dnoqo

then we design a numerical iteration in the matrix form
D 0 prew F(p"ld, qold)
0 D g G(pdd, qold)
where D is a N x N matrix by eliminating the first row and the first column of D.
This format is valid for any V. In the process, we may use Gauss-Seidal-type iteration
to update the information as soon as possible.
The initial guesses to start the spectral collocation are (N x 1) vectors (po, ..., po)’

and (qo, ..., q0)" where pg, qo are the initial values.

2.1.2 Spectral Collocation Method with the Legendre Differentiation Ma-

trix

We are seeking numerical approximations (p™(t;),¢"(t;)), denoted as (p,q}),

where interpolation of p and ¢ are of the form

www.manaraa.com
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N

gV (t) = biLi(t) = " (x;)l(t)

=0 =0

=

where tg,t1,...,ty are the transformed Legendre-Gauss-Lobatto quadrature points,

=0,1,..., N are zeros of (1 — xQ)d—LN(x) and L’s
x

T(x;+1

i.e. tj =
are the Legendre polynomials on [0, 7] [37, 12].
Note that l;(z;) = 0;; where , for Legendre-Gauss-Lobatto,

l(x) _ _(1 — I’Q)LQV(J})
J N(N + 1)(,1‘ — Q?j)LN(iEj) ’

The system can then be written as

Z djipn(t;) = F(pn(t:), an(t:))
=0

> djign(t;) = Glpy(t:), an(t:)
j=0

for eacht=0,1,..., N.

The explicit form of the Legendre differentiation matrix D = (dy;);¥;_, can be

found in a similar way with di; = ¢/(t;) where

Ly () 1 i 7é j

Ln(z;) zi—a;’

dij = 03(t;) = 1
0i=jel, .. N—1

N(]X—H)?i :j =N

2
With the scaling of —, this differentiation matrix can be transformed to the interval

[0, 7).

www.manaraa.com
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2.2 Spectral Tau Methods
2.2.1 Spectral Tau Method with Legendre-Phi

To establish the method in the following section, we introduce a set of trial

functions

T—t t K )
900(-[:) = T/ Spl(t) = f ) on(t) = 0 Lj—l(s)ds y J = 2;“'7N~

The recursive relation of Legendre polynomials provides

(L;(t) — Lj—2(1))

These trial functions have the value at the boundary that ¢,(0) = 1, ¢o(T) =
0, ¢1(0) =0, ¢1(T) =1 and ¢;(0) =0 =p(T) , for i=2,...,N.
The inner product of Legendre polynomial on [0, 7] is given by [31]

T
T .
(Lia Lj)T - / Li(S)Lj(S)dS — 2] + 1
0

0 otherwise

, for i1=7

With this method, we find the solution

P —po,q—qo € Hi0,T] = {v € H'[0,r] : v(0) = 0} such that
(@,v) = (=H,v) , veH0,T)
G00) = ( Hyo
For the weak form, we seek solutions p, ¢ € Py[0, T}, p™(0) = po and ¢" (0) = qo

of the form

pY () = popo(t) + pyen (t +Zpg 195(t) @V (1) = qopo(t) + anep (¢ +qu 15 (t

www.manaraa.com
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such that
dp™ .
(W,Li) = (-H,(p",¢"), L) , i=0,.,N—-1
dg" N N
(S L) = ( Hy.a"), L) (22.1)

With the derivative of the expansion

dp¥(t) (v —po) = A (1) (qv —qo) =
& =T S+ piLt) =T S gL,
7=1 j=1

the system (2.2.1) can be written as a matrix equation

Az(t) = F(z(t))

where
(10 . 0 )
D 0 oL ... o0
A: s D:
0 D
0 0 ... %
(pN—po (—Hy(p™, "), Lo) )
P (—Hq(pN,qN),Ll)
p PN-1 (—Hy(p™, "), Ln-1)
zZ = = , F(z)=
q aN — o (Hp(p™, q™), Lo)
0 (Hp(pN7qN)JL1)
\ qN-1 \ (H,(p",¢"),Ly-1)

www.manaraa.com




17
We solve the system by using an iterative method.
Azt — F(Zold)

The benefit of this expansion is that the numerical values at the right endpoint of

each interval, for example p™(T'), ¢™ (T, are just the coefficients of ¢ (#).
pM(T) =py . ¢M(T) = v

The initial guesses to start the iterative method are (N x 1) vectors (po, ..., po)T
and (qo, ..., qo)T where py and ¢y are the initial values. Then evaluate p"v and ¢" at
t = T which is the same thing as using the coefficients py and ¢y as the new initial

conditions to the next interval.

2.2.2 Spectral Tau Method with Chebyshev-Phi

In this method, we introduce a set of trial functions which are similar to those in

section 2.2.1

T—t t ! ,
@O(t) - ) Qol(t) = 7 5 on(t) = ﬂ_l(S)dS y J = 27 7N
T T ;

For the Chebyshev polynomials, the recursive relation for the integral on [—1,1]

is given by

/Tn(:c)d:c _ n+1 n—1
1~
ZT2(:E) ’ n=1

www.manaraa.com
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Therefore, for t € [0, 77,

palt) = (700~ 3T0) = %TZ(”_‘ r
pi(t) = %{%[TJJ@ - 13‘_2(;)] + (_21)] [jiz - %]} =34,

At this point, we shall make an observation that

©0(0) =15 po(T) =03 ©1(0)=0; @1(T) =1

and , for j > 2,

010 =05 ¢iT) = 7[5 = (1) = 5= (1)
Trl 1 .
_ 5[3_1——2] , 7 is odd
0, 7 1is even

The inner product of Chebyshev polynomials on [0, 7] is given by

.
1
ZTﬂ', i=7=1,2, ..
—7m, 1=7=0

2

0 otherwise

In this method, we find the solution

P —DPo,qd—qo € H(lo[O,T] = {v € H'[0,7] : v(0) = 0} such that

(%,v) — (<H,v) , veH[0,T]
o) = ( Hy)

www.manaraa.com
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For the weak form, we seek solutions p~, ¢V € Py[0, T}, p™(0) = po and ¢" (0) = qo

of the form
PN (t) = poo(t) + pver (t) + Zpg 105(t) ¢V (1) = qoo(t) + v (t) + Z gj—10;(t
such that
dp™ N N .
(W:E) = (_Hq(p »q )77_;) 3 le?"'aN_ 1
dg™ N N

With the derivative of the expansion

dpdt(t) _ (pN; Do) n Z_pjTj(t) ’ dth(t) _ (QN; ) n 2%1}(0’

j=1

the system (2.2.2) can be written as a matrix equation

Az(t) = F(z(t))

where
T 0 .O\
T D 0 0z 0
A== . D= ?
2
0 D

B

\00
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ke \ ( (—Hq(p™,q"), To)
2 (—Hy(p",¢N), Th)
, p _ PN-1 ’ F(z) _ (_Hq(P ¢V ), Tn-1)
q st (Hy(p™, q"), To)
q1 (Hp(pN7qN)7T1)
\ qN-1 \ (Hy(p",¢"), Tn-1)
alt) = R (1))
where
2(pn — Do) (—Hy(p™,q"), To) \
b1 (_HQ(pN7 qN)7T1)
p PN-1 (—Hy(p™,¢™), Tn-1)
zZ = = , F(z2)=
q 2(qn — @) (Hy(p™, qV), Tp)
q (Hp(pN;qN),Tﬂ
qN-1 (Hp(pN7qN)7TN—1)

We solve the system by using an iterative method

www.manaraa.com




21

We keep the same concept on the initial guesses. The initial guesses to start the
iterative method are (N x 1) vectors (po, ..., po)T and (qo, ..., go)T where py and ¢ are
the initial values. However, the values at the terminal point of each interval need to
be evaluated differently from the previous two methods with Legendre-Phi. In this

method, we need to compute the end value by using the original expansions.

pN(T)=pN+ZpJ1 [ 1]

oddj,j 2 '] —2
1
N _
¢"(T) = v+ Z Q1= [ 3—2]
odd j;j=2
2.3 Spectral Collocation Methods

2.3.1 Spectral Collocation Method with Legendre-Phi

In this method, we use the same set of trial functions that we have introduced in

the previous section

T—t t ¢ )
(,00(t) =, gOl(t) = — N @](t) = Lj_l(s)ds , ] = 2, ,N
T T 0

The recursive relation of Legendre polynomials provides

We seek for the solutions pV, ¢ € Py[0,T], p¥ (0) = py and ¢ (0) = o
pPN(t) = popo(t) + pner(t) + ij 1p; (t

¥ (t) = qopolt) +avenlt +qu 105 (t
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such that
dp™ N N
e (te) = F(p~ (tr),q" (tx)) , 1<EZN,
qu N N
v (te) = G~ (tr),q" (tx)) , 1<EZN,

where ti,...,tx are the transformed Legendre-Gauss quadrature points, ie. t; =

5 where s , j = 1,..., N are zeros of Ly(i.e. Ly(z;) = 0) and L}s are

Legendre polynomials on [0, 7]. It follows that for k =1,..., N

N-1

M + ijLj(tk) = PN, ()
M + Z_ q]L](tk) = G(pN(tk)7 qN(tk))u

the system can be written as a matrix equation

Az(t) = F(z(t))

where
1 Ll(tl) Lg(tl) LN—l(tl) \
L 0 1 Ll(tg) Lg(tg) LN—l(t2)
A= ., L=
0 L
1 Ll(tN) LQ(tN) LN—l(tN)
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( BARR —Hy(p" (1), ¢V (t1))
D1 —H,(pN (t2), ¢™ (t2))
p PN-1 —H,(p" (tn), ¢" (tw))
zZ = = , F(z2)=
q e H,(p™ (t1), ¢" (t1))
7 Hy(pN (t2), ¢~ (t2))
v H (0" (tx)." (1)

We solve the system by using an iterative method
Aghev — F(zold)‘

The initial guess and the values at the end point of each interval are evaluated in the

same way as the spectral Tau method with Legendre-Phi.

2.3.2 Spectral Collocation Method with Chebyshev-Phi

In this method, we use a set of trial functions as in section 2.2.2.
T—t t ! _
oot) =—— , pit) == , ;)= / Tj_1(s)ds , j=2,...,N
T T ;
We seek for the solutions p, ¢ € Py[0,T], p™¥(0) = po and ¢V (0) = qo
pY(t) = powo(t) + prnea(t) + Zpg 105 (t

¢"(t) = qopo(t) +aven(t +qu 1t
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such that
dp™ N N
e (te) = F(p~ (tr),q" (tx)) , 1<EZN,
qu N N
v (te) = G~ (tr),q" (tx)) , 1<EZN,

where t,...,ty are the transformed Chebyshev-Gauss quadrature points, i.e. t; =

2

Chebyshev polynomials on [0, 7]. It follows that for k = 1,..., N

where 27s , j =1,...,N are zeros of Ty(i.e. Ty(z;) = 0) and Tjs are the

N-1

M+Zmz}(tk> = PEV(t),d" (1)
M+Z—%Tj<tk> = GOV (), a" (t),

the system can be written as a matrix equation

Az(t) = F(z(t))

where
1 Tl(tl) Tz(tl) TN—l(tl) \
C 0 1 Tl(tg) Tg(tg) TN_l(tQ)
A= ., C=
0 C
\ 1 Tl(tN) TQ(tN) TN—l(tN)
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/@ —H,(pN (t1), 4" (t1))
p1 —H,(p" (ta2), 4" (t2))
p PN-1 —H,(p" (tn), ¢" (tw))
zZ = = , F(z2)=
q e H,(p™ (t1), ¢" (t1))
7 Hy(pN (t2), ¢~ (t2))
| av | A" (), (1)

We solve the system by using an iterative method

Aghev — F(zold) )

We keep the same concept on the initial guesses. However,the values at the end-
point of each interval need to be evaluated differently from the previous two methods
with Chebyshev-Phi. In this method, we need to compute the end value by using the

original expansion.

N
Tr1 1
@ = e 3 ol
pN(T) pN+ZpJ12jj_2
odd j;j=2
N
Trl 1
NT) = g |E -5
¢"(T) qN+ZqJ12jj_2
odd j;j=2

If we further consider the system

Az(t) = F(z(t))

we discussed above , we could avoid the inverse of the matrix A by multiplying both
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sides by the transpose of C' and the Gaussian weights.

1 1 1 w1 0 0 1 Ti(t) ... Tn-1(t1)
CTWC’ _ Tl(tl) Tl(t2) Tl(tN) 0 wy - 0 1 Tl(tz) TN71(t2)
TN—l(tl) TN_1(t2) TN—1(tN) 0 0 e WN 1 Tl(tN) TN—l(tN)

Using the orthogonality of Chebyshev polynomials together with the Gaussian

quadrature, the matrix can be considered as

C=0"We =g

where
N T
c11 = Zwk = (TO;TO)T=E7T
k=1
N T Tr
= T2 (¢ = (I;T\)r=== =— , i=2,.,N—-1
C ;wk z(k) ( )T 29 4 v

N
i = > wT(te)Ti(te) = (T, Ty)r =0, i # .
k=1

We obtain the result by the property of Guassian quadrature. For N Gaussian
points ty,..,ty, the integral is exact for all polynomials whose degree is at most

(2N —1) [37]. It follows that

(7'('0"'0\ 20---0\

@)
I

I 0 7] 01 0
2 .

The system becomes

~
[es)
[e)
B
)
)
—_
~—
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where
Ao i —H,(p" (t1), ¢V (1)) \
i —Hy(p™ (t2), 4" (t2))
: P PN-1 g c'wo 0 —H,(p" (tn), ¢" (tn))
z(t) = = , F(z)=
q Hay —a0) 0 W Hy(p¥ (t1), 4" (t1))
@ Hy,(p" (t2), 4" (t2))
N1 H,(p" (tw), ¢" (tx))

2.4 Spectral Collocation Methods with Scaling
2.4.1 Spectral Collocation Method with Scaling Legendre-Phi

This method is similar to the spectral collocation method with Legendre-Phi in

section 2.3.1 except the trial functions are those in section 2.3.1 but with the scaling.

Tt t 3 ¢ .
@O(t) = 7 ng(t) = f 3 %(t) = o Lj—l(s)ds , J = 2;"'7N

where  L(t)= | ZALL0)  so 4/() = L)

The advantage of these trial functions is that

1, i=j

(E Ei)r = /0 Li(s)E;(s)ds —

0, otherwise
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We seek for the solutions pV, ¢ € Py[0,T], p™¥(0) = po and ¢ (0) = qo
pY(t) = popo(t) + pxea(t) + ZP; 155 (t

") = qowolt) + qnpn(t +qu 15 (t

such that
dp™ N
_dt (tk) = F(p (tk),q (tk)) , 1<k< N,
dg™ N
W(tk) = GO"(te),q¢" (tr)) , 1<E<N,

where t;,...,txy are the transformed Legendre-Gauss quadrature points, ie. t; =

5 where zs , j=1,..., N are zeros of Ly(i.e. Ly(z;) =0) and Ls are the

Legendre polynomials on [0, 7]. It follows that for k =1,..., N

M+Z—mijm> = Fp"(t),q" (t)
lay —a0) | '_ GLit) = GOt ¢ (1),

the system can be written as a matrix equation

Az(t) = F(2(t))
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where
1 Li(ty)  La(ty) Ly_1(t)
L 0 5 1 Li(ty)  Lo(ts) Liv_1(ts)
A= . L=
0 L
\1 Li(ty) La(ty) Ly_1(ty)
e \ —Hy(p" (t1), 4" (1)) )
D1 —H,(p" (t2), " (t2))
p PN-1 _Hq(PN(tN)ﬂN(tN))
7 = — , F(z) =
q %0 Hy(p" (t1), ¢ (1))
¢ H,(pN (t2), ¢" (t2))
\ a1 Hy(p" (tx), 4" ()

We multiply L by the transpose of L and Gaussian weights,

1 1 1 wy 0 0 1 Li(t1) ... Ly_1(t)
ETWf/ _ Lit)l  Li(ta) ... Li(tw) 0 u{z 0 1 Li(t2) ... Ln—i(t2)
Ly_1(t1) Ln_1(t2) Ly_1(tn) 0 0 wy 1 Li(ty) ... Ly-1(tw)

Using the orthogonality of Legendre polynomials together with the Gaussian quadra-
ture, and with N Gaussian points, 1, ..., ty , the integral is exact for all polynomials

whose degree is at most (2N — 1) [37]. The matrix can be considered as
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where

N

= Zwk = (Lo, Lo)r =T
k=1
N ~ ~ ~

b = Y wli(t) = (Lul)r=1, i=2,..,N—-1
=1
al =~ ~ ~ ~

lij = wiLi(ty)L;(ty) = (Li, Lj)r =0, i # j.
=1

T 0 o\
o 0 1 0
L'WL =

00 - 1

The system becomes

where
PN — Do \ —H,y(p™ (t1), ¢™ (t1))
2 —H,(pN (t2), ¢~ (t2))
) p Pyt ) L'w o —H,(p" (tn), 4" (t))
z(t) = = , F(z)= .
q aN — o 0 LW Hy(p (t1), ¢~ (t1))
O Hy(pM (t2), ¢" (t2))
gN—-1 Hp(pN(tN)qu(tN))
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We solve the system by using an iterative method
zee(t) = F(2°(t)).

The initial guess and the values at the end point of each interval are evaluated in the

same way as the spectral Tau method with Legendre-Phi.

2.5 Spectral Tau with Legendre-Phi using Newton Iteration

Let o= (pn,p1, - pn-1)T, and ¢ = (qn, q1, -, qn—1)" . These p'and § are coefficient
vectors of a solution p" and ¢". With Newton iteration, we will consider the iteration
of p, ¢. This means the Jacobian matrix is with respect to the coefficients p;, ¢;, where

t=1,...,N, of p;¢. The system can be written as

D 0 P Po (—Hy(p,q), L)
F = — — =0
0 D q q0 (Hp(ﬁ’ ‘D? L)
where
1 0 0 Po o Lo
0 % 0 0 0 Ly
D = ) 0 = , g0 = , L=
0 T \ 0 0 Ly_1

The iteration is

(k+1) (k)

!

I3

q q

ol LElUMN Zyl_i.lbl
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NOTE: Here we need to find VF with respect to the coefficients p;’s and ¢;’s.

. D 0 H, H,
VFE(p,q) = —
0 D Hy H,
where
(_HQPN(ZZQ%LO) (_HQPl(ZZ‘j)aLO)
I (_HQPN(ﬁ;@?Ll) (_qul(ﬁ:(j)’Ll)
1 p—
(=Hypy (7,@); Ln-1)  (—Hgp, (9, 9), Ln—1))
(—Hgp(®N,qV)e1,Lo)  (—Hegp(p"™, 4" )2, Lo)
" (—Hgp(pN, ¢ )1, L1) (—Hgp (™, )2, L1)
L=
(—Hgp (™, V)1, Ln—1)  (—Hgp(p™, q™ )2, Ln—-1)
(_HQQN(ﬁvq%LO) (_qu1(ﬁ7®7L0)
I (_HQQN(ﬁvq)aLl) (—qul(ﬁ,ﬂ,Ll)
2 pr—
(—Hgqn (P,@), Ln-1)  (=Hyq, (P 9), Ln-1))
(=Hoq(0™,aM)p1,Lo)  (—Haq(®™, )2, Lo)
H (=Hgq(0™, a1, L) (—Hgq(®N, ¢V) 2, L1)
2 p—

(=Hyq(pN, ¢V )1, Ly-1)

(=Hyq(pV,q™)p2, Ln—1)

(_HqPNfl (ﬁ’ @’LO)

(_quN—l (ﬁ’ (T)’ Ll)

(_quN—l (ﬁ’ (D’ LN—l))
(=Hgp (™, ¢™) N, Lo)

(—Hep (V. ¢V )N, L1)

(_qu(pN qN)wN, LN—I)

(_quN—l (ﬁ? (j)a LO)

(_quN_l(ﬁa q_)aLl)

(_HQQN—I (ﬁa ‘Dv LN—I))

(_qu(pN qN)<pN, Lo)

(_qu(pNa qN)SON, Ll)

(—Hye(®™, ¢V)on, Ln-1)
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(HPPN (ﬁv Cj), LO) (prl (ﬁv ‘D? LO) e (HPPNA (ﬁ: @7 LO)
I (HPPN(ﬁ’ ®7L1) (prl (ﬁa(DaLl) (prNfl (ﬁ’(Dle)
3 p—
(HPPN(]Z (D,LN—I) (prl(ﬁ’q)?LN—l)) (HPPN—l(ﬁ’q)?LN—l))
(pr(pN qN)SOhLO) (pr(pN qN)go2,L0) (pr(pN qN>80NaL0)
o (pr(PN qN)SOI,Ll) (pr(pN qN)SO%Ll) (pr(pN qN)SON,Ll)
3 pr—
(Hpp(0™, ¢V)p1, Ln 1) (Hpp(P™,¢™)p2, Ln—1) -+ (Hpp(™, ¢V )N, Lnv—1)
(HPQN(ﬁvq_)aLO) (Hpql (ﬁ @aLO) o (HPQN—l(ﬁvq_)aLO)
I (Hqu(ﬁa q_)le) (Hpq1 (ﬁa ®7L1) (HPQN—l(ﬁa Q_),Ll)
3 =
(Hpgan (050, Ln—-1)  (Hpg, (55 @), Ln-1)) +++ (Hpgy_, (7,0), Ln-1))
(Hpg(p™, 4™ )1, Lo) (Hpg(®0™, ¢ )p2,Lo) -+ (Hpe(®™, ¢ )on, Lo)
- (Hpa(0™, ¢V ) 1, L1) (Hpg(®™,¢)p2, L1) -+ (Hpe(®N, ¢V )N, L1)
3 =
(Hpg(®™, ™)1, Ln-1) (Hpg®™, a2, Ln-1) -+ (Hpg(0™,q"Y)on, Ln-1)
Notes:

1) For a linear Hamiltonian system, we could solve the system explicitly.
2) There are several iterative methods that could be applied. We chose a simple

iterative method and the Newton iteration for our systems.
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3 Error Analysis

Consider a canonical linear Hamiltonian system defined by a quadratic Hamilto-
nian
1

H = EZTLz

where L is a 2d x 2d, d is degree of freedoms, symmetric matrix and z = [p, q|”.
If we consider H as energy, H then needs to be positive which implies L is a

positive definite matrix. The corresponding equation of motion is given by

dz 1
2 g1y
7 J Lz
0 I
where J = and J ' = —J.
I; O
d a
For simplicity, we will consider the case d =1, i.e. 2 =[p,q|T , L =
a b

L is positive definite. It follows automatically that d > 0,b > 0,bd > a?>. WLOG,

we take a > 0. The analysis is similar for the case that a < 0. Here

1 d a p 1 1
H== = —dp® + Zbg? .
2[p q] Sdp” + 5b¢° + apg
a b q

The Hamiltonian system becomes

dp

g =—H,=—ap—bq
dq
o = H, =dp+ aq.
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Consider a linear Hamiltonian system with p(0) = py and ¢(0) = qo,

dp

il —ap — bg

dq

— =4 1
= p+aq (3.1)

Here a,b,d > 0 from the previous section.

3.1 Spectral Tau Method with Gauss-Lobatto points and
Chebyshev Polynomials
Weak Form: Find p — po, ¢ — qo € H{[0,T] = {u € H'[0,T] : u(0) = 0} such that
(P,v) = —alp,v) = b(q,v) ,Yo,wH[0,T]
(¢ ,w) = dlp,w)+algw) , (3.2)
Variational Form : Find py, gy € P[0, T], px(0) = po and g (0) = go such that

(py,v) = —a(pn,v) —blgy,v) Yo € Pyl0,T],v(0) =0

(ay,w) = dpn,w)+algy,w) ,Yw € Py[0,T],w(0) =0 (3:3)

3.1.1 Error Analysis for a Linear System
Subtract (3.3) from (3.2)
(# = py,v) = —alp—py,v) = blg = qv,v)
(@' = dy,w) = dlp—py,w)+alg — v, w) (3.4)

Choose the interpolation that Zyp(0) = pg so Zyp(0) — pny(0) = 0 and similarly

for space of w.
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Take v =Znp — pn, w = ZInq — qn so v(0) = 0 = w(0).

(P —pN,Inp —pn) = —alp—pn,Inp —pn) —b(¢ — qn. Inp — DN)
(¢ —dv.Ing—aqn) = d(p—pn,Ing—qn) +alg —qn.Ing —qn)  (3.5)

Lo—projection property:

(p_Hvav) =0 7VU€PN
Similarly (p' —yp,v) = 0 ,Vv € Py

= (p7 'U) = (HNp= U) and Similarly (pla U) = (HNPI> U)‘

Then (p = py,v) = (Inp —ply,v),Yv € Py.
Then (3.5) becomes

(Onp' — Py, Inp —pn) = —a(p—pn.Znp —pn) — b(q — qn, Inp — PN)
(Ong — dy.Ing—qn) = d(p—pn.Ing —qn) +alg — gy, Ing —gn)  (3.6)
Multiply the first equation by d and the second by b.
d(Inp' = Py, Inp —pn) = —ad(p —Inp+Inp — pn,INp — PN)
—bd(q — Ing +ZIng — qn,Inp — PN)

b(ng' — gy, Ing —qn) = bd(p —Inp+Inp — PN, Ing — qN)

+ab(q — Ing +Ing — qn,Ing —qn)  (3.7)
Add the two equation with a cancelation.

d(TIxp' =Dy, Inp—pn ) +0(Tng' —qy, Ing—qn) = —ad(p = Inp, Inp—pn)—ad||Zyp—pny||?
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—bd(q —Ing,Inp — pn) + bd(p — Inp, Ing — qn)
+ab(q — Ing, Ing — qn) + ab|Ing — qn|)? (3.8)

Let EX, = Znp — py and EY, = Iyq — qn.The right hand side becomes

RHS = —ad(p—TInp, BY) — ad| 4| — bd(q — Inq, E}) + bd(p — Inp, EY)

+ab(q — Ing, By) + ab|| L ||*
By Holder’s Inequality,

RH.S < ad||Iyp—pllEX| — ad| EX|* + bdllZng — al | EX|I* + bd| Znp — pl | EX

+abl|Zvg — || EX |I* + ab] EX |1*

By Young’s Inequality,

ad  bd bd  ab ad bd
RHS < (m+)|NZvp—plP + (5 + S)1Zvg — ql? + +(5 +ad + )| EX )P
2 9 2 7 9 2
bd  ab
(o 2t ab)|| EL
2 79
ad + bd ab + bd 3ad bd 3ab  bd
= ( 2 N Znp — pl|* + ( 5 WZng — gl + (7 + 7)||E§/||2 + (7 + 7)||E?v||2

L.HS. = d(Iyp" —py, EY) +b(IIngd — gy, EY)

= d(lyp' — (Znp)' + (Inp —pn), ER) + b(Ung' — (Ing) + (Ing — an)', EY)

d d
= d(Tlyp' — (Tnp) B +d( B BR) + b(TIng’ — (Tna)', B) +b( B, )
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All together with Holder’s and Young’s Inequality,

d d d o b b
d(aEﬁ,Em +b(aE§{,,Ej{,) < §HHNP — (Zwp)'|I? + §||E§'§/||2 + §||HNQ — (Zng)|” + §|\E§1sz
ad + bd ad + bd
+( 5 N Znp — pl” + ( 5 NZng = ql?
3ad bd. . 3ab bd. .
+(7 + ?)HEN” + (7 + ?)HENH

d b
= §||HNP' — (Znp) I + §||HNQ' — (Zng)'|?

+(ad+bd ad + bd
2 2

N Znp —pl* + ( N Zng — all*

d b
+5(1+3a+ D) EY[” + (1 +3a + d)) | BRI

Let D = max{b,d}.

d d d b

A5 Bl BR) + (5 Bl BY) < ST = (@) P + Mg’ = (Ia) |
ad + bd ad + bd
T - plP + () | Zva —
14+3a+ D
+(T)[d”ng”2+b”E§]\/”2]

Use Fundamental Theorem of Calculus(A1) for L.H.S with EX,(0) = 0 and E%(0) = 0.

dEN(T) +bEL(T) < d|[Unp' — (Znp)'||” + b[1ng — (Zng)'||?
+(ad + bd) || Znp — p||* + (ad + bd)||Zxq — q|*

+(1+ 3a+ D)[d|| EX|I* + bl EY[I]

We then apply the Gronswall’s inequality A2 on [0,T] with ¢(t) = d[EX(t)]* +
DIEN (D],

ro = d|Typ' = (Zwp) I* +0I1n g — (Zng)'[|* +(ad+bd) || Zyp —pl|* + (ad+bd) | Zng—
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q||> and k =1 +3a + D so

dlIER* + b EXI* = /0 d[E%(S)]2+b[E§’v(S)]2d8=/O p(s)ds.

The upper bound becomes

AB4(T) +bEY(T) < [dllig — (Tnp) > + b — (Ta) |

+(ad + bd) | Zyp = pI[* + (ad + bd)| g — gl|?] e+ D)7
From A7, we have

dEL(T) + bEY(T) < C( e

2N
(14+3a+D)T
< 8(N+1)) e (3.9)

Next we estimate the end-point error d|(p — pn)(T)|* + b|(q¢ — qn)(T)|*.

dl(p = px)(D)* + bl(g — ax)(D)* < dll(p — Zup)(T)] + [(Znp — p) (D)|]*

+b[l(¢ — Zng)(T)| + |(Zng — qn ) (D)2

With Young’s inequality,

dl(p = pn)(D)I* +bl(qg — an)(D)* < 2d|(Zyp — p)(T)|* + 2b/(Zng — q)(T)/*

+2d|(Znp — pn)(T)|? + 2b|(Zyg — qn)(T)]?. (3.10)

We approximate the last two terms with (3.9). For the first two term on the
right side, we use the property A3, A5.1, A5.2,A6.1 and a regularity assumption

[54, 55, 56] |p*(t)] < eM*,|¢"(t)] < c¢R* provided that p and g satisfying condition
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(M) or (R).

|(Znp —p)(T)| < mazcpon|Znp(t) — p(t)]

IN

d
C(|Znp — pllr + || E(INP —p)llr)

= 0[01(4(11;[]\161))%1 2(%)N]
|(Znp —p)(T)| < C(Zlgv—]\fl))]v (3.11)
Similarly, |(Zyg — ¢)(T)| < C(%)N. (3.12)

With (3.9), (3.11) and (3.12), the inequality (3.10) becomes

d|(p — pn) (D)2 +bl(q — qn)(T)2 < c(gs(;_f‘fl))” +6<1+3a+D>T( 8(]7V’_A+el) )2N
d|(p — pn)(T)? +bl(q — qn)(T))? < oe<1+3a+D>T(8(]€_A+el))2N (3.13)

3.1.2 Error Analysis for a Nonlinear System

For nonlinear system, we need to establish some condition of the right hand side

of equation in order to achieve the upper bound.

0H

pt) = —8—q=F(p,q)
qt) = %—ZI=G(1>,Q) (3.14)

Variational Form : Find py, gy € Pn[0,T], pn(0) = po and gn(0) = ¢o such that

(pl]\hv) = (F(pN7QN)7U)7vv € PN[OvT]vv(O) = Do

(dnw) = (Glpn,an),w) Yw € Py[0,T], w(0) = go (3.15)
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(3.14)-(3.15);
(0 —pPyv,v) = (F(p,q) — F(pn,qn),v)
(¢ —an,w) = (G(p,q) — G(pn, qn), w) (3.16)

Choose the interpolation that Zyp(0) = py so Zyp(0) — py(0) = 0 and similarly
for space of w.

Take v =Znp — pn, w =Ing — qn.

(0" =Py, Inp —pN) = (F(p,q) — F(pn,qn), Inp — PN)

(¢ —dv.Ing—aqn) = (G(p,q) — G(pn,an), Ing —qn)  (3.17)

Use Lo projection property,

(Mnp" — py.Inp —pn) = (F(p,q) — F(pn,an). Inp — )

(IIng' — dy.Ing —an) = (G(p,q) — G(pn,an), Ing — qn)

(IInp" — (Inp)' + Inp) — PN Inp —pN) = (F(p,q) — F(Inp,Ing) + F(Inp.Ing) — F(pn.an), Inp — pN)

(Mng — (Ing) + (Ing) — dn.Ing — qn) (G(p,q) — G(Inp,Ing) + G(Inp.Ing) — G(pN.qN).ING — qN)

(Inp) — PN Inp—pN) = (F(p.q) — F(Znp,Ing),Inp — pn) + (F(Inp,Ing) — F(pn.an), ZNp — DN)
—(TIxp" — (Znp)', Inp — pN)
(Ing) —dv.Ing—an) = (G,q) — G(Inp,INng),Ing — qn) + (G(Znp.Ing) — G(pN,an). Ing — gN)

—(Ing' — (ZIng)', Ing — qn) (3.19)

Let EX, = Znp — py and EY, = Iyq — qn. With EX(0) = 0 and EF(0) = 0.

On the left hand side,
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(Znp)' = P, Inp — pn) = 5(EX(T))? and (Ing)' — q, Ing — qn) = 5(ER(T))?
Add the two equations and apply Holder and Young’s inequalities
| fp— 2 1 2 1 9, 1 2
§(EN(T)) + §(EN(T)) < §||F(p, q) — F(Inp, Inq)||” + §||F(INP,INCI) — F(pn,an)|l
3 P |12 1 / 1112 1 2
PB4+ STwp! — (@) I + 51G 0, @) + G(Zp, Tng)|
1 3 1
#3516, Tna) = Glow aw) I + SIELI? + S’ — (Zna)?
(EN(T))* + (EL(T)* < ||F(p.q) — F(Znp, Ing)|)* + 1IG(p, @) — G(Znp, Ing)|?
+|F(Znp, Ing) — F(pn, an)|l? + |G(Znp, Ing) — G(on, qn)|I?
3| EXIP + 1 EG1?) + Mxp’ — (Znp) 12 + Mng' — (Zng)'|I?
We consider the first four terms in two cases. We use Euclidean norm for the

following cases.

Case 1:In this case, f: (F, Q)T satisfies the condition that for any Z; = (py, q¢1)7
and ZQ = (p?v q2)T7

1f(Z1,t) = f(Z2,t)]2 < allZi —Zaf]p , a>0

1.e.

V(F(prai,t) = F(p2,q2,1)? + (G(pr a1, 1) — G(p2, @2, 1))> < a/(p1 — p2)? + (@1 — 2)?

It follows that

T

(ER(T))* + (EH(T)* <

(F(p,q) — F(Inp,Ing))* + (G(p,q) — G(Inp, Inqg))?dt

(F(Znp,Ing) — F(pw, qn))* + +(G(Znp, Ing) — Glpy, qn))?dt

J

T
J
3R + IERN?) + 1T — (Znp)'|I* + Tng’ — (Zva)'|?
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If F and G satisfy the given condition, we have

(B (D) + (EX(T)* < o*(IZvp — p)I* + 1Zng — 9)I*) + *(1ERI* + 1 EX )
H3(1ER NP + IERN?) + [T — (Znp)'[I* + [Tng’ — (Zng)'|?
= o(|Zvp =) I* + 1Zva — )II*) + 11wy’ — (Znp)'|I*

Hvg' — Ina) P + (@ + 3)(1EXI* + |1 EX]1?)
By using Gronswall’s Theorem A.2 and A6.1,A7

(BX(T)? + (BL(T))* < [o*(1Zwp = p)II* + 1 Zvg — @)II°) + [ITnp' — (Zwp)'|I”

FTIng = (Tng)'|?e+3T

< o(gwsm)

Case 2:In this case, f = (F,G)7T satisfies the condition that for any Z; = (p1,q1)7

and ZZ = (P27QQ)T;

(f(Z1,1) = f(22,1)) - (21 — Z2) < —ald —Z2 , >0

We also have error estimate which is similar to case 1.
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4 Numerical Results

In this numerical study, we are interested in a long-time behavior of the Hamilto-
nian system, which many science and engineering problems need to predict, see, e.g.,
(32, 33, 34, 27]. Traditional finite difference, finite element, and the Runge-Kutta
methods fail when time runs sufficiently large; even for the symplectic structure-
preserving algorithms. Our numerical tests on Hamiltonian systems demonstrate
that the spectral methods preserve both energy and volume very well even for a large
value of t. The numerical solution follows the trajectory nicely without a phase shift.

For the numerical examples below, we use T' = 1 for the spectral collocation.
The reasonable values for 7" are within the interval [0.75,2]. However, the convenient
value is T' = 2 (without any translation). In each updating process, we compare the

maximum pointwise errors,

new __ old ) - new __ old ) -
pax (1" —p") (t)llz=, (¢ —¢") ()l =)

and set the tolerance as 107! together with maximum iteration numbers, 1000, to
terminate the iterative process. The initial guesses to start the spectral methods are
(N x 1) vectors (pg, ..., po)* and (qo, ..., q0)T where py, qo are the initial values.

We compare the numerical results from different spectral methods in Chapter 2
with the collocation method from Guo-Wang using Legendre’s recursive relation [31].
We also compare the spectral collocation method (with the differentiation matrix)
with the results from symplectic methods provided in the Appendix. In a linear case,

we compare the exact solution with the numerical solution by using the maximum
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pointwise norm,

(e —pn) ()| =, (@ — an)(t)) || o=, [ H (t;) — Holl >~

on the terminal interval. However, for a nonlinear system, we compare only the
energy H(p(t),q(t)) to the initial energy Hy = H(p(0),¢(0)) by using the maximum
pointwise norm

[1H(t;) = Hol|~

as well.

Symplectic schemes 1, 2, 3 and 4 are second order schemes where scheme 1 is a
second order midpoint Euler scheme and scheme 3 and 4 are specially designed for
the threefold symmetry and Henon-Heiles systems, respectively. The comparison of
the CPU times (after the graphic outputs) used from collocation with Chebyshev
differentiation matrix and symplectic methods is considered by using Lenovo X61,
Core 2 Duo 1.8GHz, RAM 3GB, Window Vista; and for the other spectral methods
is by using Lenovo X61, Core 2 Duo 1.8GHz, RAM 3GB, Window 7.

In coding, for the spectral collocation with differentiation matrix, we store D!
since it will be used repeatedly, in some cases, billions of times. It is well known that
the condition number of D is O(N?). For relatively large values of N, it would be
ideal to develop an explicit formula for D! instead of inverting the explicit form of
D. Similarly, we store the matrix L for Legendre polynomials and ®. The condition

numbers of L and ® are discussed in Chapter 5.

ol LElUMN Zyl_i.lbl
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4.1 Linear Hamiltonian System

Example 1: Consider a linear system of ordinary differential equations

with initial condition p(0) = 0, ¢(0) = 0.6.

The Hamiltonian for this system is given by H(p,q) = %pz + 2¢*. The exact
solutions are p(t) = —1.2sin(2t) and ¢(t) = 0.6 cos(2t). The initial energy H(po, o) =
Hy=0.72.

The numerical methods for a linear system can be practically solved explicitly
without using an iterative method. We achieve a much better result by solving the
system explicitly. We first compare the collocation method with Chebyshev differ-
entiation matrix D, symplectic schemes 1 and 2 then we compare the results among
the spectral methods. Figure 1 represents the end behavior of each method. From
the graphs, we can barely see the difference between the exact and numerical solu-
tions from the spectral collocation (t = 10%) while the phase shift is visible for the
symplectic methods at ¢ = 2000.

Figures below shows the error propagations of three different methods. The errors
oscillate evenly through out the interval and within the range of 107'!. The two
collocation methods, collocation with Legendre-Phi and Guo-Wang, have a similar
pattern while the error from the Tau method with Legendre-Phi propagates in a

pattern that is dense in the middle. This means the error is very small throughout
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Collocation method: Linear problem N=20, r=1on [10°~1,10°]

Symplectic method scheme 1: h=0.01 On [0,2000]

p(®).act)

. . . . .
1998 1998.5 1999 1999.5 2000
t

symplectic method scheme 2: h=0.01 on [0,2000]

05

15 . . . . .
1997.5 1998 1998.5 1999 1999.5 2000
t

Figure 1: Graphs of solution p, ¢ versus ¢ by (a) spectral collocation with Chebyshev
differentiation matrix when N = 20 on [10° — 1,10] (p:-o-,q:-x-); (b) symplectic 1,

h=0.01 on [1998,2000] (p:dash,q:dot); (c) symplectic 2, h=0.01 on [1998,2000]

www.manaraa.com



48

the interval.

80 100 0 20 40

Figure 2: Error propagations by Tau method with Legendre-Phi when when N = 15

(a) (p™(t;) — p(t;)) versus t (b) (¢ (t;) — q(t;)) versus t (c) (Hy(t;) — Hy) versus t.

Figure 3: Patterns of errors by collocation method with Legendre-Phi when N = 15

(a) (pN (t;) — p(t;)) versus t (b) (¢™(t;) — q(t;)) versus t (c) (Hy(t;) — Hy) versus t.

Figure 4: Patterns of errors by Guo-Wang method when N = 15 (a) (p™(t;) — p(t;))

versus t (b) (¢™(t;) — q(t;)) versus t (c) (Hn(t;) — Hy) versus t.

ERE fyl_llsl
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Figure 5 shows the rates of convergence of the numerical error for p from both

methods. The spectral collocation method with Chebyshev differentiation matrix D

gives a super-exponential rate [54, 55]. The convergence rate is of order ()™M for

1
N
the spectral collocation and h? for the symplectic scheme 1 (second order scheme).

Collocation: p=5,...,17 , h=1 on [0,10] symplectic : h=0.05,0.1,...,0.5
T T T T T

10

S| —oe— error p

1 —o&—errorin p
0.75
v

10 ¢

._.
OI
T

errorin p

10°F

10 . . . . . . 107 .
4 6 8 10 12 14 16 18 10° 10" 107

N h

Figure 5: (a) Collocation method, N=5.6,....,17 on [0,10]; (b) symplectic

1,h=0.05,0.1,...,0.5 on [0,10].

In the next Figures, we compare the spectral methods discussed in Chapter 2.
The results can be compared with the symplectic methods by using the result of the
collocation method with differentiation matrix as a reference graph.

Figure 6 shows the convergence rates of the endpoint error of five different meth-
ods; Guo-Wang, Tau with Legendre-Phi , collocation with Legendre-Phi, collocation
with Legendre-Phi-Scaling and collocation with Chebyshev differentiation matrix on
[0,10] and [0,100] consecutively. Spectral Tau with Legendre-Phi gives the best con-

vergence rate among all the methods. It shows a stable error trend when the error

approaches the machine epsilon ( 107'*) or when N > 9 while the error from Guo-

ol LElUMN Zyl_i.lbl
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Wang method gives an oscillate tale. The collocation method with Legendre-Phi as
basis functions is better than the collocation method with differentiation matrix but
still loses to Spectral Tau with Legendre-Phi. Figure 6 (b) represents the convergence
rate, when the endpoint ¢ is larger, ¢ € [0,100]. The results are almost the same at

the beginning then they start to shift when N = 5.

The convergence rate, \/(p(T) — pn(T))? + 4(q(T) — qn(T))?, versus N of Tau

method with Legendre-Phi is shown in Figure 8. From the theoretical result, it is of

2N
the order e(1+3“+D)T<4(7]1,’Lf1)) where a =0,D =4,A=2,T =1, ie.

V)~ e T 1T — 7 < ()

However, the result shown in Figure 7 is of the order 2N + 0.75 which is better than

the theoretical result.

on [0,10] linear on [0,100] linear

10°

Figure 6: Errors of |p(T) —pn(T')| with respect to N (a) on [0,10] (b) on [0,100] by using 1)
Guo-Wang(red-o) 2) Tau(black-*) with Phi 3) collocation with Phi(pink-o) 4) collocation

with Phi-Scaling(green-o) 5) collocation with differentiation matrix(yellow-o).
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Figure T7: Errors  of /(p(T) —pn(T))?2 +4(q(T) —qn(T))?  (blue-o) and

2e
8(N +1)

Legendre-Phi.

5¢5( )6N) - (green) with respect to N on [0,100] by using Tau method with

We next make a further comparison by considering the CPU times used by each
method. Tables 1 and 2 provide the maximum errors of energy H, p(t), q(t), and the
CPU times used on the end interval. The spectral collocation method provides more
nodal data with similar CPU times, or can go further in term of time ¢ than a simple
symplectic method as shown in Table 1. This means the spectral collocation method
with Chebyshev differentiation matrix is less expensive in a long run compared with
a simple symplectic method. Table 2 shows the CPU times used when the end point
is fixed as t = 100. With a low number of collocation points N and small step size h
(symplectic), the errors are almost the same from both methods. However, the CPU
times used for the symplectic method are much longer than those from the spectral
method.

Table 3 shows the comparison of the CPU times, number of iterations on the last

interval and terminal errors among the spectral methods when N = 10 on [0, 100].
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The Tau method gives the same order of errors as the method from Guo-Wang [31].

However, for a linear case, the system can be solved explicitly using the Tau method.

As a result, the CPU times for the Tau method are better than Guo-Wang. The

other three collocation methods, though better than the symplectic 1 or 2, still lose

to the Tau method.

time(secs)

Error in Energy

Error in p(t)

Error in ¢(t)

Colloc. N=20,[0,10°]

621

2.294946 x 10~10

2.228963 x 10710

0.142997 x 10~10

Symp 1,h=0.01 [0,2000]

484

2.884887 x 1073

7.999879 x 102

6.323009 x 10!

Symp 1,h=0.01,[0,2350]

642

3.391444 x 1073

9.409463 x 10~2

4.703431 x 1072

Symp 1,h=0.01,[0, 10]

> 6hrs

Symp 2,h=0.01,[0,2000]

445

7.200007 x 10~7

4.001598 x 1072

3.160331 x 107!

Symp 2,h=0.01,[0,2250]

603

7.200007 x 10~7

7.090428 x 10!

3.543846 x 107!

Symp 2,h=0.01,[0, 10]

> Shrs

Table 1: Comparison of the CPU times between the three methods.

time(secs)

Error in Energy

Error in p(t)

Error in ¢(t)

Colloc.,N=8,[0,100]

0.35

6.185243 x 106

5.631718 x 1076

2.062186 x 1077

Symp 1,h=0.001,[0,100]

78.29

7.188678 x 1077

3.958494 x 10~°

1.994939 x 1075

Symp 1,h=0.0008,[0,100]

191.98

4.600998 x 10~7

2.533450 x 10~°

1.276760 x 1075

Symp 1,h=0.0001,[0,100]

591.45

1.796755 x 10~7

9.896375 x 106

4.987343 x 1076

Table 2: Comparison of the CPU times between the two methods with the same order

of errors.

oLl Zyl_i.lbl

www.manaraa.com



23

Spectral Methods

time(secs)

Error in Energy

Error in p(t)

Error in ¢(t)

Colloc. with D matrix

0.46

1.364651 x 108

1.258733 x 10~8

2.786321 x 10710

Tau with Legendre-Phi

0.099

2.442490 x 10715

3.130828 x 10~ 14

3.014255 x 10~

Colloc. with Legendre-Phi

0.063

2.025812 x 10~ 11

0.823919 x 10712

8.8107854 x 1012

Colloc. with L-Phi scaling

1.86

2.026090 x 10~

9.810818 x 10~12

8.825662 x 1012

Guo-Wang

0.54

5.317968 x 10~ 14

2.198241 x 1014

2.575717 x 10~ 14

Table 3: Comparisons of the CPU times, number of iterations on the last interval

and the terminal errors among the spectral methods when N = 10 on [0, 100].

Spectral Methods

time(secs)

Error in Energy

Error in p(t)

Error in ¢(t)

Colloc. with D matrix

2913

1.629202 x 1010

5.394734 x 10~ 1!

6.998968 x 10~

Tau with Legendre-Phi

1718

3.571365 x 10712

3.606229 x 10~ 11

2.002842 x 1013

Colloc. with Legendre-Phi

2549

1.168842 x 1012

0.823919 x 10712

9.026113 x 1012

Guo-Wang

0.54

5.317968 x 10714

2.198241 x 1014

2.575717 x 10714

Table 4: Comparisons of the CPU times, number of iterations on the last interval

and the terminal errors among the spectral methods when N = 15 on [0, 100000].
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4.2 Nonlinear Hamiltonian Systems

Example 2: Consider a system with a Hamiltonian H(p, q) = p* — ¢* + ¢* [21].

The corresponding system of nonlinear ODEs is

OH
‘1) = ———=2q—4¢°
p'(t) g 24—
OH
t) = — =2
q(t) R p

with initial condition p(0) = po, ¢(0) = go.

There are three equilibrium points for this system: F; = (p,q) = 0, Ey = (0, \/Lﬁ)
and E3 = (0, _\/Li) The zero equilibrium point is a saddle point and the other two
are centers. As a result, we have to be careful when we choose initial values for our
system in order to avoid the neighborhood of (0,0). The iterative method will not
converge otherwise.

For the spectral collocation with Chebyshev differentiation matrix, the range of
the initial condition for ¢ that can be used in order for the numerical solution to
converge is approximately from 0.625 to 0.88. For the oscillatory behavior, we choose
qo within 0.625-0.7 and 0.715-0.88. If we choose a number close to the equilibrium
(0,0.7071067811865475), we will get almost a straight line. The initial values were
chosen as py = 0, gy = 0.73. This gives H(po, qo) = Ho = —0.24891758.

We begin with the comparison of a sixth-order symplectic method and collocation
with the differentiation matrix. Figure 9 represents phase plots of p and q. We can
see that with symplectic 1, the loop is thicker (there is a phase shift) and with the

spectral collocation method, the loop is thinner and sharper. The other spectral
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methods give a similar result to Figure 8 (a) and (c).

location: N=30.h=1,9,=0,0,0.73 o [0,3000] symplectic scheme 1: h=0.0001,p,=0,6,=0.73 on [0.50] symplecic sixh order scheme: 1=0.01.9,0,4,=0.73 on [0,3000]

0 001 002 003 003 002 -001 o
3 P

Figure 8: Phase plots ¢ versus p by (a) spectral collocation when N = 30 on [0, 3000];

(b) symplectic 1 h=0.0001 on [0,50]; (c¢) symplectic sixth order h=0.01 on [0,3000].

Figures 9, 10 and 11 show the propagations of errors in energy at the nodal points
|H (t;) — Hy| of different methods. From the Figures, we observe that the errors from
the spectral collocation method with Chebyshev-Differentiation matrix and Guo-wang
method increase as t increases whereas the errors of the collocation and Tau methods
with Legendre-Phi keep the same pattern all the way to the end point (¢ = 10000).
From this observation, we compare the maximum pointwise errors in energy rather
than the errors at the terminal point.

Figures 12 shows the difference of the errors at the terminal point(a) the maximum
pointwise errors in energy(b). The errors of the collocation methods and Tau methods
with Legendre-Phi depend on the terminal point chosen.

The convergence rates of the energy H for both methods are shown in Figure

13. The rate is (4)©6N

% ) for the spectral collocation, O(h?) for the symplectic

scheme 2, and O(hS) for the sixth order symplectic scheme. Figure 14 represents

the convergence rate of Tau method with Legendre-Phi. The rate is of the order

0.25¢%5 (——— (VM)

N 1) approximately.
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x 10 Collocation with L-differentiation matrix x107% Collocation with Legendre-Phi
T T T

7 T T T T 16

1.4

12

1

0.8

error H
error H

0.6

0.4

0.2

Mm 1 M

Ll . .
0
4000 6000 8000 10000

. . . .
0 2000 4000 6000 8000 10000 0 2000

Figure 9: Patterns of errors |H (t;) — Ho| versus ¢ on [0,10000] when N = 15 by (a)
collocation method with Chebyshev-Differentiation matrix (b) collocation method

with Legendre-Phi.

-14

X 10 Tau with Legendre—Phi x10 % Guo-Wang
14 T T T T 15 T T T
12r
1k
T T
g 8
@ 5]
0.5F
o L . L L. . . . .
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

Figure 10: Patterns of errors |H (t;) — Ho| versus ¢ on [0,10000] when N = 15 by (a)

Tau method with Legendre-Phi (b) Guo-Wang.
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x 107 Tau with Legendre—Phi(Scaling)
T T T

x10% Collocation with Legendre-Phi(Scaling)
14 T T T T

1.6

12} 1.4

1t

0.8r

error H
error H

06

0.4 ‘

0.2

Rl

f
0 2000 4000 6000
t

. f . 1 .
8000 10000 0 2000 4000 6000 8000 10000

Figure 11: Patterns of errors |H(t;) — Hy| versus t on [0,10000] when N = 15 by

(a) Tau method with Legendre-Phi(Scaling) (b) collocation method with Legendre-

Phi(Scaling).

o on [0,10],end point error, nonlinear 2
T T T T

10

o on [0,10],nonlinear 2, max error
T T

Figure 12: (a)Errors of |[Hy — Hy(T')| and (b) |H(t;) — Ho| L~ with respect to N on [0,10]
by using 1) Guo-Wang(red-o) 2) Tau(black-*) with Phi 3) Tau(black-*) with Phi-Newton
4) collocation with Phi(x)(pink-0) 5) collocation with Phi(x)-Scaling(green-o) 6) collocation

with differentiation matrix(yellow-o) matrix.
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collocation: N=5,...,18 h=1 . Symplectic scheme 2 : h=0.005,0.01,0.015,...,0.05 , on [0,10] | symplectic sixth order scheme: ,p,=0.,=0.73 on [0.10]
10 10 10
10 10 1079
10° 10"
0
z z
L 10° g 107 g
8 s 510"
H £ £
10 s 5
07
107 10
2
107 10" 10
10 107 . 10° - .
4 6 8 o i 16 1 10 10 10 10 o 10
h h

Figure 13: (a)Error in H and (+)®Y) versus N = 5,6, ..., 16 by spectral collocation
on [0,10](b) Error in H by symplectic 2 with h=0.005,0.01,0.015,...,0.05, on [0,10];

(c) Error in H by the sixth order symplectic scheme.

) 0n [0,100]
10 ‘ ‘

4

10 "

10° |

error H

Figure 14: ||H(t;) —Ho||1~ (blue-o) and 0.2560'5(m)(m) (green) with respect

to N on [0,100] by using Tau with Phi
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The CPU times for each method are shown in Table 5. We use h = 0.001 for
the symplectic schemes 1, 2 and h = 0.01 for a sixth order symplectic method [53].
Similar to the linear case, the spectral collocation is more effective in the long run.
It takes less CPU times than all three symplectic methods.

Table 6 compares the CPU times used on the same interval [0,10000] for the
spectral methods when N = 15. We can see that the errors are about the same
but collocation method with Legendre-Phi(Scaling) takes much longer time. The
collocation method with Chebyshev-Differentiation matrix takes less time but the

error is one order less than the others.

time(secs) Error in Energy
Collocation, N=50 on [0,10000] 2898 5.2735593669 x 10710
Collocation, N=30 on [0,5000] 668 7.6605388699 x 10717
Symplectic 1 on [0,450] 2849 | 9.9279222845 x 10~*
Symplectic 1 on [0,500] 3585 1.0088809618 x 103
Symplectic 1 on [0,1000] > 2 hrs
Symplectic 2 on [0,460] 3010 | 3.8086767073 x 10~10
Symplectic 2 on [0,1000] > 2 hrs
Symplectic 6th order on [0,4200] 2602 | 5.4956039718 x 1015
Symplectic 6th order on [0,5000] 9833 | 7.6327832942 x 10~
Symplectic 6th order on [0,10000] | >3hrs

Table 5: Comparison of the CPU times between the collocation with Chebyshev

differentiation matrix and symplectic methods.
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Spectral Methods time(secs) Error in Energy
Colloc. with D matrix 59 6.481482017761664 x 1013
Tau with Legendre-Phi 112 |1.260103132949553 x 10~ 14
Tau with Legendre-Phi(Scaling) 108 1.504352198367087 x 10~ 14
Colloc. with Legendre-Phi 76 1.570965579844597 x 10~
Colloc. with Legendre-Phi(Scaling) | 251  [1.654232306691483 x 10~ 14
Guo-Wang 177 |1.521005543736465 x 10714

Table 6: Comparisons of the CPU times and the terminal errors among the spectral

methods when N = 15 on [0, 10000].

We end this example with the Tau method with Legendre-Phi together with New-
ton iteration. The error for this method is similar to the error of the Tau method
without Newton iteration. We consider the number of iterations shown on Table 7 in
order to see if the iterative process converges to the solution faster.

We compare the number of iterations and the CPU times for Tau with and without

Newton iteration. The number of iterations is reduced by half.
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Intervals/Method N | time elapse | Iteration numbers
Coll w D matrix,[0,10] | 10 0.06s 16
Tau w Newton,[0,10] | 10 0.14s 6
Tau w/o Newton,[0,10] | 10 0.07s 14
Coll w Phi,[0, 10] 10 0.097s 18
Coll w Phi-Scaling,[0, 10] | 10 0.21s 18
Guo-Wang;, [0, 10] 10 0.07s 13
Guo-Wang;, [0, 10] 20 0.115s 7
Tau w Newton, [0, 10] | 20 0.45s 7
Tau w/o Newton,[0,10] | 20 0.110s 19
Coll w Phi, 0, 10] 20| 1.104s 14
Coll w Phi-Scaling,[0, 10] | 20 0.115s 7
Coll w D,[0, 10] 20|  0.115s 7

Table 7: Comparisons of the iteration numbers and the CPU times by using the

spectral methods.
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Example 3: Consider a linear system of ordinary differential equations

with initial condition p(to) = 1 cos(2ty), q(to) = % sin(2¢).
The Hamiltonian for this system is given by H(p,q) = $p* — 3¢°(t) + 3¢*(t). We
choose to = 0 so the initial conditions are p(0) = 0.5 , ¢(0) = 0 and the initial energy

H(po, qO) = HO = 0.125.

on [0,10],end point error

error H

Figure 15: Errors of |Hy — Hx(T')| with respect to N on [0,10] by using 1) Guo-
Wang(red-o) 2) Tau(black-*) with Phi 3) Tau(black-*) with Phi-Newton 4) collocation
with Phi(x)(pink-o) 5) collocation with Phi(x)-Scaling(green-o) 6) collocation with

differentiation matrix(yellow-0) matrix.
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on [0,10] ,nonlinear 1, max error

max|H0—HN(ti)|

Figure 16: ||H(t;) — Hol|z~ with respect to N on [0,10] by using 1) Guo-Wang(red-
0) 2) Tau(black-*) with Phi 3) Tau(black-*) with Phi-Newton 4) collocation with
Phi(x)(pink-o0) 5) collocation with Phi(x)-Scaling(green-o) 6) collocation with differ-

entiation matrix(yellow-0) matrix.

www.manaraa.com




64

Example 4: Threefold symmetry Hamiltonian system [22].
Consider a k—fold rotational symmetry system in phase plane with Hamiltonian

2mg

Hi(p,q) = Zcos(pcos(%) + qsin(T)).

Jj=1

For k = 3, the three axis-symmetric Hamiltonian system is,

1 V3 1 V3
H(p7 q) = COS(p) + COS(_Qp —+ Tq) —+ COS(ip —+ 7q)

The corresponding system of nonlinear ODE for this H is

. OH /3 1 V3 V3 1 V3

p(t) = g 5 S (—§P+ 7Q)+78m(§p+7 )

) oH 1 1 V3 11 3
q() = o —Slﬂ(p)+551n(—§P+7Q)—§Sl (§p+7€0

with initial condition p(0) = 7, ¢(0) = 0. In this case, Hy = —1.

Figure 17 contains the graphs of p,q with respect to time ¢. The result from
the symplectic method does not make a right corner like the one from the spectral
collocation method with Chebyshev differentiation matrix. We can see it clearly if
we consider the phase plot of the results. The phase plot from a sympletic method
has fuzzy corners compared with sharp-corner hexagon from the spectral collocation
as shown in Figure 18. The other spectral methods also give similar phase plots as
in (a). Note that the possible solutions for threefold symmetry Hamiltonian system
contain equilateral triangles and hexagons depending on the initial conditions. We
consider only a hexagon case in this example. For the symplectic method, the smaller
the h, the more horizontally stretched the graph is. The graph tends to have the

same behavior as the collocation method when the size of h decreases.
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From the observation on different spectral methods, the same N may give different
results. For example, with N = 20, we have the collocation with D matrix and Tau
with Legendre-Phi converge to a similar solution with number of iteration on the last
interval less than 10 whereas the collocation method with Legendre-Phi and Guo-

Wang converge to different solutions and reach the maximum iteration number(1000).

collocation-3fold: N=20,=1,9,=Tiq,=0 on [0,170] ‘symplectic scheme-3fold: h=0.00005,9,=7tq,=0 on [0,80] Tau with Legendre-Phi

20 40 60 80 100 120 140 160 o 10 20 30 40 s 60 70 & o 50 100 150 200
t

Figure 17: Graphs of p (upper) and ¢ (lower) versus ¢ by (a) collocation method with
Chebyshev-D when N = 20 on [0,170]; (b) symplectic 3 h = 0.00005 on [0,80] (¢) Tau

with Legendre-Phi when N = 20 on [0,200].

collocation-3fold: N:20,h:1,p0:n,q020 on [0,10000] symplectic scheme-3fold: h=0.001,p0=mq0=0 on [0,1000]

1t

2t

-3

Figure 18: Phase plots ¢ versus p by (a) spectral collocation with D matrix when

N =20 on [0,10000]; (b) symplectic 3 when h=0.001 on [0,1000].

Figure 19, 20 and 21 show the error propagations of the spectral methods. The

error from the collocation method with Chebyshev-Differentiation matrix increases
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linearly as t increases. The other methods have a similar pattern but Tau method
with Legendre-Phi gives the best error.

X103 Collocation with Legendre-D . x10% collocation method with Legendre—Phi
T T T T T T T

0.9r

0.81

0.7-

0.6

error H

05-

error H

0.4r

0.3r

0.2

0.1- »J
0l ! - 1
400

. . . .
0 200 400 600 800 1000 0 200
t t

Figure 19: Patterns of errors |H(t;) — Hp| versus ¢ on [0,1000] by (a) collocation

method with Chebyshev-Differentiation matrix when N = 15 (b) collocation method

with Legendre-Phi.

x107° Tau method with Legendre-Phi x102 Guo-Wang
35 T T T T 14 T
3r 1 12
25r ir
z % T
8 8
® 15¢ ©
1l
05 MJ H_
0 . . . . . . .
0 200 400 600 800 1000 400 600 800 1000

t t

Figure 20: Patterns of errors |H (t;) — Ho| versus t on [0,1000] when N = 15 by (a)

Tau method with Legendre-Phi (b) Guo-Wang.
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12 x10% Tau method with Newton Iteration . x10® Collocation method with Legendre-Phi(Scaling)
. T T T T T T T T

1r 1 5F
0.8 o s

I
0.6F )'1 S 3t
3

0.4 E 2

error H

0.2r 4 1k

omg..mhm L Ju

.
0 200 400 600 800 1000 0 200 400 600 800 1000
t t

Figure 21: Patterns of errors |H (t;) — Ho| versus ¢ on [0,1000] by (a) Tau method with
Newton iteration when N = 15 (b) collocation method with Legendre-Phi(Scaling)

when N = 16.

Figures 22 represents the errors from the spectral methods. We compare the errors
by using the maximum norm in (b). The highest error is from Guo-wang and the next
is the collocation with the differentiation matrix. The errors from the other methods
drop down to the machine error right away.

The convergence rates for the symplectic and the collocation methods with the
differentiation matrix are shown in Figure 23. For the spectral collocation method,
the error drops down to machine error with relatively small N.

Table 8 shows convergent rates for the energy H and the CPU times. We use h =
0.001 for the symplectic schemes 3. The spectral collocation method with Chebyshev-
Differentiation matrix used 45 minutes to obtain data in [0, 10000] but with the same
time used, the symplectic method produces data approximately on [0,450] with much

lower accuracy.
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on [0,10],threefold, end point error on [0,10] , threefold, max error

10713 107]3
107 \ﬁ/ /\/\/ 1074
o
10—15 @f g—* o] ig L * * *
5 10 15 20 2

5

Figure 22: Errors of (a) |[Hy — Hn(T)| (b) ||H(t;) — Hol[z~ with respect to N on
[0,10] by using 1)Guo-Wang(red-o) 2)Tau(black-*) with Phi 3) Tau(black-*) with Phi-
Newton 4)collocation with Phi(x)(pink-o) 5)collocation with Phi(x)-Scaling(green-o)

6) collocation with differentiation matrix(yellow-0) matrix.

three axis symmetry:N=5,...,21,h=1 symplectic method : h=0.005, 0.01,...,0.05
T T T T T

1072 107
—o—errorin H
hZ
10°F
10—13 L
I
. 5 10 ¢
5 5
2 IS
[in] S 10
S 107}
107} °
10°F
1078 L . . . . . . . 107 — — o
4 6 8 10 12 N} 14 16 18 20 22 10 10 10
h

Figure 23: (a) Error in H versus N when N = 5,6, ...,21 by spectral collocation on

[0,500]; (b) Error in H versus h when h = 0.005,0.01,.....,0.05 by the symplectic

scheme 3 on [0, 10]
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time(secs) Error in Energy
Symplectic 3 on [0,400] 2190 6.425967063916294 x 1073
Symplectic 3 on [0,600] 5360(89mins)|  1.0537382086 x 102

Colloc. w Chebyshev-D, N=20 on [0,10000] 2725(45mins) | 2.7539082125 x 10712

Colloc. w Legendre-D, N=15 on [0,1000] 5 7.022160630754115 x 1013

Tau w Legendre-Phi w/o Newton, N=15 on [0,1000] 6.59s 4.218847493575595 x 10714

Tau w Legendre-Phi w Newton, N=15 on [0,1000] 118s 1.565414464721471 x 10~
Coll w Legendre-Phi, N=15 on [0,1000] 93s 1.132427485117660 x 10~

Coll w Legendre-Phi(Scaling), N=15 on [0,1000] 21s 1.443289932012704 x 10719
Guo-Wang, N=15 on [0,1000] 69s 3.811395643538162 x 10713

Table 8: Comparison of the CPU times between the spectral and symplectic methods.

This problem is a highly nonlinear problem with cosine and sine terms. The
number of iterations is highly depending on N and the terminal value for ¢t. Table 9
shows the comparisons of iteration numbers and the CPU times by using the spectral
methods as we can see that Guo-wang’s iteration number is larger than the other
methods. It means the method doesn’t converge as fast. It reaches the maximum
number of iterations before reaching the tolerance. If the Newton method is applied,

it reduces the number of iterations and the CPU times as shown in Table 9.
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Intervals/Method N | time elapse | Iteration numbers on the last interval
Tau w Newton, [0, 10] 10 0.136s 10
Tau w/o Newton,[0, 10] | 10 0.09s 18
Coll w Phi,[0, 10] 10 0.103s 18
Coll w Phi-Scaling,[0, 10] | 10 0.238s 18
Coll w D, [0, 10] 10 0.070s 15
Guo-Wang,[0, 10] 10 1.284s 1000

Table 9: Comparisons of iteration numbers and the CPU times by using the spectral

methods.
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Example 5: Consider a linear system of ordinary differential equations [31]

with the initial conditions p(to) = v/2, q(te) = 0.

The Hamiltonian for this system is given by H(p,q) = —%qQ + %pQ(t) — %Lp‘l(t).The
initial energy is H(po, qo) = Hop = 0.

Figure 24 shows the error propagations |H (t;) — Hy| versus ¢ on [0,1000] when N =
15 by collocation method with Legendre-Differentiation matrix, collocation method
with Legendre-Phi and Tau method with Legendre-Phi. The error propagations of
the other spectral methods are similar to Figure 24 (b) and (c). In this case, for
the spectral methods except the collocation method with Chebyshev-Differentiation
matrix, the errors depend on the terminal point we chose. They fluctuate throughout
the domain. Therefore the maximum norm is more reliable. Figure 25 shows the
two different errors, the terminal errors and the maximum errors of the spectral
methods. In part (b), all of the spectral methods are having the same convergence
rate until N = 17 then the collocation method with Legendre-Phi and Tau method
with Legendre-Phi and Guo-Wang errors stop decreasing even when N is smaller.
The errors from the other methods still decrease until N = 19 and they maintain a
stable tail.

The comparison of the CPU times between the spectral and symplectic methods is

shown in Table 10 and the comparisons of the iteration numbers and the CPU times

www.manaraa.com



72

by using the spectral methods are shown in Table 11.

x 107 Collocation method with Legendre-Differentiation matrix collocation method with Legendre-Phi X102 ‘Tau method with Legendre-Phi

Figure 24: Patterns of errors |H (t;) — Ho| versus t on [0,1000] when N = 15 by (a)

@

-

°
@

collocation method with Chebyshev-Differentiation matrix (b) collocation method

with Legendre-Phi (c¢) Tau method with Legendre-Phi

on [0,10],nonlinear 4,end point error on [0,10],nonlinear 4,max error

Figure 25: Errors of (a) |[Hy — Hn(T)| (b) ||H(t;) — Hol|z~ with respect to N on
[0,10] by using 1)Guo-Wang(red-o) 2) Tau(black-*) with Phi 3) Tau(black-*) with Phi-
Newton 4) collocation with Phi(x)(pink-0) 5) collocation with Phi(x)-Scaling(green-o)

6) collocation with differentiation matrix(yellow-o) matrix.
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time(secs) Error in Energy
Colloc. w Chebyshev-D, N=15 on [0,1000] 2.9 4.293304600722081 x 10711
Tau w Legendre-Phi w/o Newton, N=15 on [0,1000] 5s 2.234212814755665 x 10712
Tau w Legendre-Phi w Newton, N=15 on [0,1000] 6.6s 2.261746345766369 x 1012
Coll w Legendre-Phi, N=15 on [0,1000] 4.9s 2.731814774392660 x 1012
Coll w Legendre-Phi(Scaling), N=15 on [0,1000] 20s 2.742139848521674 x 10712
Guo-Wang, N=15 on [0,1000] 4.5s 2.732480908207435 x 1012

Table 10: Comparison of the CPU times between the spectral and the symplectic

methods.

Intervals/Method N | time elapse | Iteration numbers

Guo-Wang, [0, 10] 10 0.065s 9

Tau w Newton,[0,10] | 10 0.14s 3

Tau w/o Newton,[0,10] | 10 | 0.0707s 9

Coll w Phi,[0, 10] 10 0.089s 9

Coll w Phi-Scaling,[0, 10] | 10 0.226s 9

Coll w D, [0, 10] 10 0.064s 9

Table 11: Comparisons of the iteration numbers and the CPU times by using the

spectral methods.
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Example 6: The Henon-Heiles(HH) system [23, 24].
The Henon-Heiles(HH) Hamiltonian was introduced in the study of galactic dy-

namics to describe the motion of stars around the galactic center.

1 1
H(p1,pa, q1,q2) = 5(19? o+ @+ G)+ g — §Q§’-

The terms ¢} and ¢5 form a potential well which is responsible for the oscillations
of the particle (the first four terms are related to the Kinetic energy). The last two
terms, ¢3¢y and %qg’, are responsible for the existence of the exits from the orbit.

There are four equilibrium points for this system which are £y = (p1, D2, @1, G1) =

V3 1 _ vi 1
7,—E) and Ey = (O’O’_T’_ﬁ)’

saddle points. As a result, there are three exits for the energy to escape according

0, a center, s = (0,0,0,1), E5 = (0,0,

to the three saddle points. The total energy Hg = 0 for £} and Hg = é for Es, E3,
and Fy. If the initial energy is far beyond this Hg, the particles wander inside the
scattering region for a certain time until they cross one of the three energy line and
escape to infinity. In other words, when the initial H < %, the solution is regular;
when H > %, the solution is chaotic. Note that the time they spent in bounded region
is called the "escape time”. The higher the energy, the shorter the escape times are
found.

Figure 26 shows the phase plots for potential energy H when p; = 2,ps = 1 are
fixed, ¢o and ¢; vary. We can see that the three exits for the energy are at the three

saddle points Fs, E3, andE, located at three vertices of an equilateral triangle.
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Figure 26: Graphs of contour plots of energy H when ¢, and ¢; vary and p; = 2,ps = 1
are fixed (a) 3-D (b) 2-D

The system of nonlinear ODE for this H is

pit) = _g_i:_%_Q%QQ
py(t) = —g—gz—qz—qurQS
at) = g_Z:pl
“o = o=

We select two different sets of the initial conditions. The first set represents a

regular case with
p1(0) = 0.011, py(0) =0, ¢;:(0) = 0.013, ¢2(0) = —0.4; Hy = 0.101410733 < 1/6.
The second set is a chaotic case with
p1(0) = V2 x 0.15925, p2(0) = ¢1(0) = g2(0) = 0.12;  Hy = 0.18200200 > 1/6.

Figure 27 shows the chaotic solution and the phase plot when the particle wanders

in the bounded region until it crosses the energy threshold line and escapes. Figure
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28 represents phase plots of a regular solution from both methods. The trajectory
from the symplectic method is denser than the one from the collocation method with
the Chebyshev differentiation matrix. The plot of ¢ and ps from Tau method with

Legendre-Phi is shown in part (c¢). The loop is very thin.

HH system : h=1,N=15 on [0,232]

a;

Figure 27: Chaotic solutions by the spectral collocation N = 15 (a) on [0, 24]; (b)

phase plot ¢y versus ¢; on [0,232].

[ 001 0.02 002 001 [ 001 B E E K
a1 a1 @

Figure 28: Phase plots of a regular case on [0,2000] by (a) the spectral collocation
with Chebyshev D-matrix, N = 20; (b) symplectic 4 h=0.01. (b) Tau method with

Legendre-Phi N = 20.

The errors in energy, H, and the CPU times are presented in Table 12. We choose
the initial conditions from the regular case. We use h = 0.001 for the symplectic

scheme 4. By comparing both times and errors, Tau method has the best error even
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though it uses more CPU times than the collocation method with the differentiation

matrix.
time(secs) Error in Energy

Collocation, N=20 on [0,10000] 2691 1.9004658957 x 1012

Symplectic 4 on [0,65] 21 6.0026862363 x 107>

Symplectic 4 on [0,200] 970(16mins) 6.0026862363 x 107>

Symplectic 4 on [0,1000] >2hrs

Colloc. w Cheb-D, N=20 on [0,1000] 4s 7.037426197342711 x 1013
Tau w Legendre-Phi, N=20 on [0,1000] 8s 6.800116025829084 x 1016
Tau w Legendre-Phi(Scaling), N=20 on [0,1000] 8.5s 1.415534356397075 x 10715
Coll w Legendre-Phi(Scaling), N=20 on [0,1000] 225 6.106226635438361 x 1016
Guo-Wang, N=20 on [0,1000] 6s 3.122779812514409 x 10~13

Table 12: Comparison of the CPU times of the spectral and the symplectic methods.

The rates of convergence in energy using the regular initial values are shown in
Figure 29. Spectral collocation gives the rate in the order of (+)N) and the
symplectic scheme 4 is of the order one. The convergence rates of the other spectral
methods versus N where N = 3,...,20 are demonstrated in Figure 30. Again, the
errors from the collocation method with the differentiation matrix and Guo-Wang

reach 107! then stay at that rate as N increases. Figure 30(b) shows that the rate

of Tau method is about (0.0352)0%N) when N = 3, ..., 14.
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Collocation : on [0,10]

o

symplectic 4 on [0,10]

10 10
~ —oc—errorin H —oc—errorinH
10 0.85p |
1p™ h
107 .
- 10 "¢
3 >
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3 4 5 6 7 8 9 10 11 12 10" 107 10°
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Figure 29: (a) Error in H and (+)®%") versus N when N = 3,4, ..., 12 by spectral
collocation on [0,10]; (b) Error in H versus h when h = 0.005,0.01,....,0.05 by

symplectic 4 on [0, 10].

on [0,10] on [0,10]
‘ collocw D ‘ ‘ ‘ colloc w D
—*— Tau w L-Phi —*— Tauw L-Phi
FY —#— Tau w L-Phi(scaling) * —— Tau w L-Phi(scaling)
. - —©— colloc w L-Phi(scaling) s - —&— colloc w L-Phi(scaling)

07 - —>— Guo-Wang 107 . ——%— Guo-Wang
T T
8 8
5} 10—10 L 5} 10-10 L

10—15 L 10—15 L

4 6 8 10 12 14 16 18 20 4 6 8 10 12 14
N N

Figure 30: (a) ||H(t;) —Hg|| L with respect to N on [0,10] by using 1) Guo-Wang(red-
0) 2) Tau with Legendre-Phi(black-*) 3) Tau with Legendre-Phi-scaling(blue-*)
4) collocation with Legendre-Phi(scaling)(green-o) 5) collocation with differenti-

ation matrix(yellow-o) (b) The convergence rates of the spectral methods and

(0.03595) % versus N (blue -.).
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Example 7: A modified Two-body Problem [52].

The Hamiltonian for this system is H = T + V where T' = L[jp||* and V =

1
_° Thus

gl 2[lgl*
1 €

1
Hp.q) = ~|p|? - — — —_.
®.9) = 5P =~ 2

where € is a small perturbation parameter.

The system of nonlinear ODEs for this energy is

/ q1 3eqq
(Q1 + Q2) 2 (Q1 + Q2)
72 3eqo
pt) = - 2 . 2\3 7 . 2%
(g +42)* 2/ (¢ + &)
qi (t) = M
qg(t) = P2

with the initial conditions p;(0) = p1g, p2(0) = pao, ¢1(0) = 10, ¢2(0) = ga0.

This is a modification of the two-body problem. It is about the system of two
massive bodies that attract each other by the gravitational force. We are seeking for
the positions and velocities of those two bodies. The first body is located at the origin.
The second body is located where its coordinates are (q1,¢2) and the corresponding
velocity is (¢}, ¢5) = (p1,p2). This model describes the motion of a particle in a plane.
A particle in this model is attracted gravitationally by a slightly oblate sphere instead
of a point mass. The attracting body rotates symmetrically with respect to an axis

perpendicular to the plane of the particle. If there is no perturbation (€), the problem

is just a regular two-body problem[24].
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Besides the energy H, this system also preserves the angular momentum which

.7 _ . . d(p"Jq) _ Ty _ T
is p* Bq , where B = J for this problem, i.e —a 0= p Jqg=pyJg. We
1
use the initial values p;(0) = 0,p2(0) = 1 +6,q1(0) = 1—¢e,¢2(0) = 0, where
—e

e is the eccentricity of the orbit. Here if we choose e closer to one, the solution
tends to diverge and does not conserve energy well for both spectral collocation and
symplectic methods. We choose e small enough in order for the solution to converge
to an equilibrium point.

We compare the spectral methods and a second order symplectic method. The
eccentricity e is chosen to be 0.001 (almost a circle) for the numerical test. Both
methods preserve the structure. Figures 31 represents the phase plots by the spectral
collocation with the differentiation matrix and with a perturbation value ¢ = 0.005.
For all reasonable N and h, the solutions from all methods are almost the same, but
with a slightly thicker orbit at the left and the right corners for the symplectic method
scheme 1 (not shown). Note that with a larger perturbation €, the body rotates in
an oblique pattern. If we compare the times and errors, the spectral methods give a
better result.

The convergence rates for both methods are shown in Figure 32. The convergence
rate for the symplectic scheme is of order three and for the spectral collocation is of the
order (%)“'W ). Figure 33 represents the convergence rates of the spectral methods
when N = 3,...16. The pattern is similar to the errors in the previous example. In
part (b), we consider the rates when N = 3,...12. Excluding the spectral collocation

method, the other spectral methods have the errors of the order (4%0)(1'28]\[ ) which
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collocation modified Two-body system: epsilon=0.005; on [500,1000]

0.8

0.6

041

021

a2
o

-0.21

-0.41r

—06F

-0.8F

Figure 31: Phase plots of ¢; and ¢, when € = 0.005 by the collocation method with

D matrix on [500,1000] when N = 20.

is the same as the convergence rate of the angular momentum by using the spectral
methods shown in Figure 34.

collocation modified two-body symplectic scheme 1 on [0,100]

T T 10°
_ —S—ErrorinH
§ 10 — E"?'lm AM | | —o—errorin H
s 1pttP E —>— error in AM
= g 10°F 3 E
S ] h
g g
‘5 153
=3 =
© .
E 10 5
£ 2
= <
£ 10° 2
2 8
T 5
2 10} s
> g
S 1
2 107 =
2 S5 10°F
Py . ]
g 10 140
i}
107 : 107
3 4 5 6 7 8 9 10 11 12 107 107 107
N h

Figure 32: (a) Errors in H and in the angular momentum with (4)®N) versus
N = 3,4, ...,12 by the spectral collocation with D on [0, 100]; (b) Errors in H and in

the angular momentum versus h=0.005,0.01,0.015,...,0.05, on [0,100] by symplectic 1.

Table 13 represents the errors in energy H, the errors in the angular momentum,

and the CPU times. For these initial conditions, both errors and the CPU times
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on [0,100] on [0,100]

10° 10°

10° | 10° +

error H
error H

107 107+

1078 1078

Figure 33: (a) Errors in H versus N = 3,4, ..., 16 by using 1) Guo-Wang(red-o) 2) Tau
with Legendre-Phi(black-*) 3) Tau with Legendre-Phi-scaling(blue-*) 4) collocation
with Legendre-Phi(scaling)(green-o) 5) collocation with differentiation matrix(yellow-

o) (b) Errors in part (a) and 4(%)*2Y) versus N = 3,4, ..., 12 (solid black).

on [0,100] on [0,100]

10° 10°

error of Angular momentum
error of Angular momentum

Figure 34: (a) Errors of the angular momentum versus N = 3,4,...,16 by using
1) Guo-Wang(red-o) 2) Tau with Legendre-Phi(black-*) 3) Tau with Legendre-Phi-
scaling(blue-*) 4) collocation with Legendre-Phi(scaling)(green-o) 5) collocation with
differentiation matrix(yellow-0) (b) Errors in part (a) and 4(;5)"*") versus N =

3,4, ...,12 (solid black).
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from the spectral collocation are better than any symplectic method. However, if
we change the initial conditions to p;g = 0.1, poo = 0.9, 10 = ¢q20 = 1, the errors
from both methods are almost in the same order but the spectral collocation is time

efficient as we can see from Table 14 with the two-body case (¢ = 0).

time(secs) | Error in Energy | Error in Angular Momentum

Colloc,N=20,[0, 10*] 3230 2.15614193 x 10~ 11 2.09121608 x 10~
Symp 1,h=0.001,[0,75] 53 6.05561933 x 108 5.85881273 x 1078
Symp 1,h=0.001,[0,80] 72 6.48879968 x 1078 6.18349377 x 10~8
Colloc,N=20,[0,1000] 4.6 7.54918350 x 1012 7.43594075 x 1012
Tau w Legendre-Phi 9.5s 5.32907051 x 10~1° 5.21804821 x 10~1°
Tau w Legendre-Phi(Scaling) 9.5s 5.32907051 x 1019 5.21804821 x 10719
Coll w Legendre-Phi(Scaling) 24s 1.09912079 x 10~ 1.08801856 x 10714
Guo-Wang, N=20 on [0,1000] 32s 3.19833048 x 10712 3.15036885 x 1012

Table 13: Comparison of the CPU times of the spectral and the symplectic methods.

time(secs) | Error in Energy | Error in Ang. Momentum
Colloc, N=20 on [0,100] 3 4.28660520 x 10~7 1.3618605 x 107
Symp 1,h=0.001,[0,40] 75 3.02104066 x 10~7 1.06633042 x 1076
Symp 1,h=0.001,[0,50] 166 3.02104066 x 10~7 1.06633042 x 107

Table 14: Comparisons of the CPU times between the two methods with the same

order of errors when € = 0.

oLl Zyl_i.lbl
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Example 8: The Three-body system [40].

Consider the Hamiltonian of the Earth-Moon-Satellite system given by

ety —apy) — (L8 1

H T y 4y =
(p py v y) 2 T1 T2

where r? = (x 4+ p)?> + 42, rs = (v + p— 1)* + 32

This model describes the motion of the satellite around the Earth and Moon. The
Earth and Moon are located on the x-axis where their center of mass is placed at
the origin. The coordinate of the satellite is (z,y). It rotates in the orbit around the
Earth and Moon at the rate one moon month so the Earth and Moon are always on
the x-axis. The mass of the Moon is p = 0.01215 (the length unit is 384400 km).

The corresponding system is given by

1 —p p

pf,c(t) = py_( 3 )(l‘-l-u)——?’(w—l—p—l)
1 T'a
L—p)

/t . _x_( _ =

py() Ti’) Y 7“%

We compare the spectral collocation with a second order symplectic method under
a transformation ¢; = 3(z +y) , @2 = 3(x —y) , p1 = px + Py , Po = p» — py. The
initial conditions for Figure 35 are p;(0) = 1.259185,po(0) = —1.259185,¢,(0) =
—0.25,¢2(0) = —0.25 where we can see an orbit (the coordinate plot for this case is

a circle (not shown)) and p;(0) = —0.16,p2(0) = —0.7,¢:(0) = 1.3,¢2(0) = —0.31

for Figure 36 to observe the orbit of the satellite. Solutions are plotted by using the

ol LElUMN Zyl_i.lbl
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same frame sizes. In Figure 36, the orbit from a symplectic method is thicker than

the collocation method especially at the left and right sides.

on [850,1000] symplectic three-body: h=0.005 on [850,1000]

-04 -03 -02 -01 0 01 02 03 04
qi

Figure 35: Phase plots p; versus ¢; of the orbit by (a) spectral collocation on

[850, 1000]; (b) symplectic 1 h=0.005 on [850,1000].

collocation three-body: N=20 on [600,1000] symplectic three-body: h=0.005 on [600,1000]
15

Figure 36: Phase plots of the coordinate of the satellite, g2 versus ¢; by (a) spectral

collocation on [600, 1000]; (b) symplectic 1 h=0.005 on [600,1000].

Table 15 compares the errors in energy H and the CPU times by using the first
set of the initial conditions. We use h = 0.005 for the symplectic method. At ¢ = 300,
the spectral collocation method uses much less time (5.4 second vs. 18 second) and
yet, offers much better accuracy in energy (2 x 1077) than the symplectic method
(9 x 1073).

The convergence rates of each method are plotted in Figure 37. We use the first set

of the initial conditions on [0, 10] when N = 11, ...,21. The rate of Tau method with
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time(secs) Error in Energy
Symplectic 1 on [0,300] 18 9.3757448742 x 1073
Symplectic 1 on [0,150] 4.6 4.8046166186 x 1073
Collocation, N=20 on [0,300] 5.4 1.6617218332 x 1076

Tau w Legendre-Phi, N=20 on [0,300] 120s 1.9503096782 x 10~ 7

Guo-Wang, N=20 on [0,1000] 121s 2.9193665396 x 107

Table 15: Comparison of the CPU times between the spectral and the symplectic

methods.

Legendre-Phi is the best which is of the order 0.3(<)(67N) and for the symplectic

iy
scheme 1 is of order three. The collocation method with Legendre-Phi ( with and

without scaling) doesn’t converge to the solution in this case.

on [0,10] symplectic scheme 1 on [0,100]

=
o,

T T
colloc. L-D —6&—errorinH

— — 0.3(e/N)OSTN B W3

10 —— Guo-Wang |4

—%— Tau w L-Phi

=
o,
T

[
o
&
T

=
o
4
T

=
o,
&
T

error in energy H

Figure 37: (a) Errors in H versus N = 11,12, ...,21 on [0, 100] by (a) spectral collo-
cation with Chebyshev D (yellow), Tau with Legendre-Phi(black), Guo-Wang (red)

and the rate (0.3-£)©6™N) (green)(b) Error in H versus h= 0.0025,0.005,....,0.015 by

symplectic 1 on [0,100].

www.manaraa.com




87

5 Discussion and Conclusion Remarks

We have compared numerical results of the spectral methods discussed in Chapter
2 and several symplectic methods in solving Hamiltonian dynamical systems. Our
numerical evidences have demonstrated that the spectral methods have several ad-
vantages.

1) They require less CPU times in order to reach the same level of accuracy.

2) They preserve energy and symplectic structure better.

3) They predict more accurate trajectories for long time.

In addition, the proposed spectral methods are systematic and can be applied to
any Hamiltonian system without changing the basic algorithm. On the other hand,
one needs to design a different symplectic method for each different problem.

In comparison among the spectral methods, we shall discuss by cases. For a linear
Hamiltonian system, the collocation method with Chebyshev differentiation matrix
has the highest error. Tau method with Legendre-Phi and Guo-Wang have the best
convergence rates. However, the rate from Guo-Wang oscillates at the tail when
N > 9 while the Tau method has a stable tail.

For a nonlinear Hamiltonian system, based on the numerical results, if we compare
the error

max |[H(t;) — Hol|r=,

1<j<N
the convergence rates for the spectral methods are almost the same except for the

collocation with differentiation matrix. However, the error from Guo-Wang method
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reaches only around 10~ but Tau and the collocation methods with Legendre-Phi

could reach 107'° or less and the tails are more stable.

If we consider the CPU times of each method in all the examples, we can see that

Tau method with Legendre-Phi and the collocation method with Legendre-Phi used

shortest times.

If we compare in the sense of iterative methods used in nonlinear problems, the

method with Newton iteration reduces the number of iterations in each interval by

half. The method converges to the solution faster for a highly nonlinear problem.

However, it takes up more CPU times than the regular spectral methods due to

matrix multiplications.

The condition numbers of matrices for each method on [0,1] are shown in the

following table.

size | Guo-Wang(A) | Tau with L-Phi(L.H.S.) Phi derivative of Phi(Legendre)
D XD 28.3386 9 42.5607 3.4141

10 x 10 116.9317 19 143.4796 5.2792

11 x 11 142.5557 21 170.3999 5.5894

12 x 12 170.8949 23 199.7876 5.8853

20 x 20 498.1924 39 517.6680 7.9122

50 x 50 3420 99 3036.2 13.1456

The condition numbers of the left-hand-side matrix A [31] obtained from recursive

ol LElUMN Zyl_i.lbl
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relation of Guo-Wang method are large(~ O(n?)) while the Legendre has the smallest
condition number due to the orthogonality property. This may give the advantage
to Tau and the collocation methods with Legendre-Phi compared with the left hand
side matrix A from Guo-Wang.

The theoretical investigations for the stability, convergence on any time interval

and symplectic preserving properties of the spectral methods are underway.

5.1 Extension to the Integral Equations of the Second Kind

General form of Integral equation of the second kind is [9, 2]

Az (t) — /DK(t, s)x(s)ds =y(t), t€ D,A#0

where D is closed and bounded set in ™ for some m > 1 where

K(t,s) is a Kernel function which is assumed to be absolutely integrable.

o If y # 0 and the )\ are given, then the equation is called "nonhomogeneous

problem”

o If y = 0, then it is an "eigenvalue problem”. In this case, we seek for the

eigenvalue A, and corresponding eigenfunction x.

5.2 Spectral Collocation Method for the Integral Equations

For collocation method, we seek for a solution of the form

wa(t) =Y (1),

j=0
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where z,, € X,,,a finite space X,, C X = C(D), where X,, = {0, ¢1,...,on}. Then
solve for ¢;. The solution is unique if [det(¢;(t;))] # 0.

Approximate form:
Az, (t) / K(t,s)x,(s)ds = y(t)

Define the residual

ra(t) = Ax, (1) /Kts:cn Yds — y(t).

Then
)\Zc]qﬁj /Kts Zc]@ )ds — y(t).

n

() = 3 e 051 / K (t, 5)y(s)ds} — u(t).

7=0

We apply the spectral collocation method for the Integral equations. For the

collocation method, we require r,(t;) = 0 for each tg,ty,...,txy € D, i.e

N

> ettt = [ K(t9)es(s)ds) o) =0 (5.0.1)

§=0
foreach 1 =0,...,n

This equation is equivalent to the system of equation Ac = B then we solve for c.

Define a projection P,:X — X,, such that

t) = Z ;0;(t)

with the coefficient {a;}7_, determined by solving

o(t) =Y aigits), i=0,..,n.
j=0

Then (5.1.1) becomes P,r,, = 0.

Note that P,z =0 iff z(t;) =0, i=0,...,n.
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5.2.1 Example of a Smooth Kernel

Consider some examples on a smooth domain[3, 39] .
1
Example 1: \x(t) —/ ex(s)ds = y(t), t € [0,1]
0

where y(t) = Ae' — 5 ("™ — 1) and K(t,s) =

The exact solution for this example is z(t) = e’.
In this problem, we seek the solution x,, which is a linear combination of Legendre
polynomials

= Z c;L;(t)

Then r(t;) = 0 implies

1

1
N st; ot Ll _ )] —
A2y () /o x(s)ds — [Ne - 1(6 )] =0
b 1 ti+1
Sty — . i _ 1
Ay, (t;) — / x(s)ds = [Ne"' — . 1(6 )]
n 1 .
A EZO c; L / E c;L;(s)ds = el — —ti 1 (efitt — 1)]

;CJ[AL )]—]Oc][/ e Lj(s)ds] = [Aetz—tzil(tﬁl 1)]

n

>l (t)] - | /O e L(s)ds]} = [Ael —

J=0

L nn
T (et
S )
for each i = 0,...,nand 0 < ¢ty < t; < ... < t, < 1(Use n + 1 Gaussian points). The

equation becomes the system

(AL — A)c=B

where
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Xn

o
2.8 T T T T - exp() 10

10° b

1078}

107

Figure 38: (a) Graph of the numerical solution z,(dash line) compared with the exact

solution €' (b) Graph of p and max(|(z — z,)(¢;)|) when A = 1(blue with o-) and p and

2 ( e )2.7n'

2(n+1) 2(n+2)
( Lo(to) Ll(to) R Ln(tO) ( AOO A01 AOn \
Lo(tl) L1 (tl) R Ln(tl) AlO All . Aln
L — R A =
Lo(ty) La(t) .. Lu(ty) Ao Aw oo Ap

1
where A;; z/ e L;(s)ds.
0

1 n
/ BStiLj(S)dS ~ Z’U}ketktiLJ‘(tk) = Aij
0

k=0

T
Aij = (’wo, Wy, ,wk) * ( 6totiLj(t0) .. etntiLj(tn) )
Based on the theory, the error from the Nystrom-Trapezoidal method [2] is of

order O(h?). The spectral collocation method gives the error approximately of order

2 € 2.mn
2(n+1) (2(n + 2)) )

O(
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5.2.2 Examples of C'-Kernels

Example 2:[3], Page 171,

Ae(t)— | K(t,s)x(s)ds=0 , tel0,1]

where K (t,s) = {

This kernel is symmetric with K (¢,s) = K(s,t). Notice that it is a green function
of the ODE:
Ax"(t) + 0.5z(t) = 0.
1
/ K(t,s)x(s)ds = \x(t)
0
d 1
—/ K(t, s)x(s)ds = \x'(t)
dt J,
d t 1
E[/ s(1 —0.5t)z(s)ds +/ s(1 —0.5t)x(s)ds] = A/ (t)
0 ¢
—0.5z(t) = \a" (), t€]0,1]
Az"(t) + 0.5z(t) =0, te]0,1].

We know that the solution of this equation is analytic on the domain [0, 1]. We can
apply the collocation method to this problem i.e. the solution z(¢) can be expanded
by using a family of orthogonal functions. Repeat the procedure as in Example 1 but
with 2(n+1) nodes along integration line ¢ = t*, t* is to be chosen on the line s = t.
If we use only n+1 node across the line of discontinuity,s = ¢, we would get the error

A — Au| ~ O(Z5) as shown in Figure 39.
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The exact eigenvalues for this equation are the roots of the equation

1 1

We can obtain this by Mathematica program ( FindRoot command, approximate
solutions which is exact up to 16 digits). The first largest three eigenvalues are
0.24296268509503405, 0.04142614984032116, and 0.01570867161341755.

).

The exact eigenfunctions are sin(

>l

10"

—6&—error
——1p?

107}

R
1N

10-4 0 : 1 2
10 10 10
3

Figure 39: Graph of n and |A — Ap| for the first eigenvalue(blue with o-) and n and ;1;

By using n + 1 points for s < t* and n+ 1 pints for s > t*, we got error |\ — Ap| ~

1 ( eM )2.5n—|—3)

% 2n + 0.5

107

O(

10*

-4

10 "
10° b
10° b

100 /\/\e/@\
1070

107

1074

107 L L L L L 10° L L L L L
2 3 4 5 6 7 8 2 3 4 5 6 7 8

Figure 40: (a) Graph of p and |A— | for the first eigenvalue (b) Graph of ﬁ( 27;:4/([).5)2'57“r3

over |\ — Ap| for the first eigenvalue.
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5.2.3 Singular Equations

(1) = A / K(t, s)a(s)ds = f(t), teD
D
Singularities due to lack of analyticity in an integral equation.[2, 9]

There are 3 different types of singular integral equations.

1. Equations with semi-infinite or infinite ranges.

2. Equations with discontinuous derivative in either the kernel or the free term

K(t,s) or f(t) € C but does not belong to C"*.

3. Equations with either infinite or nonexisting derivative of some finite order.

Singular equations arise in areas of potential problems, Dirichlet problems, radia-
tive equilibrium for example. We will consider singularities in Linear equations as
follows:

I. The case of jump singularities

e The functions K (t,s) and f(t) are piecewise continuous with jump discontinu-
ities only along the lines parallel to the coordinate axes as shown in Figure 41.

e In this case, the integral equations can be reformulated in a similar way as the

original equation.

II. The case that f(t) is badly behaved
In this case bad behavior will propagate from f(t) to the solution x(t). We remove

the singularities by setting
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Region 2

H Region 1 Region 2

Eegion 1

Figure 41: Sketches of the jump discontinuities along the lines parallel to the coordinate

axes.

(@) 2() =)+ f()

Then the integral equation becomes
W(t)+ f(t) - /\/DK(t, s)(1p(s) + f(s))ds = f(t)

P(t) = )\/DK(t, s)U(s)ds + )\/DK(t, s)f(s)ds
and solve for ()

(b) () =v(t) + ()
such that f(t) — () is well-behaved and ~(t) has the bad characteristics of f(t)

that are propagated to x(t). Then the integral equation becomes
V(O +9(0) =3 [ K5 0(s) + (s)ds = S0
D

wwzww—ﬂm+ALKw$w@w+yLKm@www

and solve for 1(t)(use quadrature rule).

Note that in both setting, we need /

DK(t,s)w(s)ds and /DK(t,s)'y(s)ds to be

smooth.
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ITI. The case that f(¢) has discontinuous derivatives
In this case, a high-order accuracy from a quadrature rule may not generally be

obtained since a bad behavior of f(¢) may affect x(t).

IV. K(t,s) is discontinuous along a line parallel to the s-axis pass onto

the solution x(t),

Kt s) = I

—m, O<a<lt;eD.
- u

and g is a continuous function.
e We cannot use quadrature method or collocation (h-version) but might be able
to use Galerkin method.
e We use product-integration or modification method since kernel is unbounded
at t =,
9(t, )

K(t,s) = ———, 0<a<l

s s

e Use product-integration or expansion method with orthogonal polynomial.

IV. k(t, s) is weakly singular with the form

t
K(t,s)zﬁ, 0<ac<l,

and g is continuous on D having singularity along ¢ = s.
e It is sometimes possible to reformulate the equation so that K (t,s) becomes at
least continuous. e If K (¢,s) is of the form with 0 < o < 3, f € Cla,b] then the

second iterated kernel K,(t, s) is bounded and continuous.
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Example 3:[39],Page 47, [3], Page 214.

Az (t) — /01 K(t,s)x(s)ds=0 , t€]0,1]

t
where K (t,s) = {

ie., K(t s) = K(s,t).

Notice that this Kernel is a green function of the ODE: Az (t) + x(t) = 0.
1
/ K(t, s)z(s)ds = Ax(t)
0

d t 1
4 / sa(s)ds + / Lo (s)ds] = Az’ (1)

—z(t) = A" (t), tel0,1]

A" (t) +z(t) =0, tel0,1]

This equation has an analytic solution. We use the spectral method to approximate
the numerical solution for this integral equation. The exact solution for the first

eigenvalue is = with the corresponding eigenfunction ¢(z) = asin(37z).

lambda-lambda,|

(eM/2p+1) over max]i
"

() (b) (c)

Figure 42: Graph of n versus g = (l)(2‘;—]\_|/'_’1)2'5"“'8 over max(\ — Ay) where M = 1(a) 1g

n

/ max(A = An) ,(b) g / max(A —Ap) (¢) n-g / max(A = An)
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From the Figure 42, we can conclude that the maximum error for the first eigen-

value is in the order ~ O((%)(5245)>7 ).

Example 4:

x(t) —1—/01 Visz(s)ds =vt, 0<t<1.

Y

The exact solution is z(t) = =.
e Without knowing the exact solution, if we look at a kernel function for this

Vts , the first derivative of this kernel is unbounded at ¢t = 0.

problem K(t, s)
Kernel has a discontinuous and unbounded first derivative on the domain.

e A solution for this problem is z(t) = %{ which has a singularity at t = 0. This
solution has an unbounded first derivative and so on. As a result, this solution is not

analytic so the collocation would not give a good result.

o [f we transform it into the ODE, we get the ODE as follows:
1
x(t) —|—/ Visz(s)ds = V't
0

, d. ! 1
x(t)—ka[/o \/Ex(s)ds]—2—\/¥

1 ! \/g o _L L
g ey =~ =)
1 1 Z
— Vi el = = — a0
o),

From here we can see clearly that there is a singularity at t=0 and a solution for this

ODE is z(t) = %i
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It turns out that the error is of order O(-).

We first try to obtain a numerical solution by using a regular spectral collocation.

The result is shown in Figure 43 with the convergence rate of order O(#) Since

the solution has a problem around ¢ = 0 and the derivative is unbounded at ¢t = 0,

we increase the number of nodes near ¢ = 0. We use n + 1 Gaussian nodes for the

numerical integration and use n + 1 Gaussian nodes for the rest of the domain. The

result is shown in Figure 5 with the convergence rate of order O(-;). The last one

is using both techniques. We rewrite equation and then rediscretize the quadrature

nodes. The result is shown in Figure 6 with the convergence rate of order O(-7).

This shows the rediscretization quadrature node technique is better than the other

techniques used.

10°

10

maxix, )-Xl

107}

10°

107}

10°F

o maxix, () x()]
1p52

10"

107}

10°F

10 ¢

10°F

10°F

107

—e— error
up*

.
10° 10' 10°

Figure 43: (a) Graph of n versus error max|z,(t;) — z(t;)| for ¢ = 0,...,p (in blue) and

Graph

i=0,..

1

of n versus —5 (in green) and (b)Graph of n versus error max|z,(t;) — z(t;)| for

1

-,n (in blue) and Graph of n versus —; (in green).
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Figure 44: Graph of n versus error max|z, (t;) — z(t;)| for i = 0,...,n (in blue) and Graph

of n versus n—ﬁ (in green).

Example 5:
1
Na(t) — / K(t,s)z(s)ds =0 , te[0,1]
0

—V/tsIn(s),t < s
—V/tsIn(t),s <t

The Kernel has unbounded first derivative and has discontinuity along line s = ¢

where K (t,s) = {

and the Kernel itself is unbounded at ¢ = 0. Without using technique, we get the
convergence rate of order O().

We tried the same method as mentioned previously by using n+ 1 Gaussian nodes
when s < t and n+ 1 Gaussian nodes when s < t for the numerical integration. Then

we reduce the effect of discontinuity on the solution x(t) by setting
b b
x(t) [)\ —/ K(t, s)ds} —/ K(t,s)x(s) —z(t)]ds =0

(%) { / bK(t, s)ds} + / b K(t,s)[x(s) — x(t)]ds = Aa(t)
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Figure 45: (a) Graph of p versus the error |[A—\,| (b) Graph of n versus error max|z,(t;) —

x(t;)] for i =0,...,n (in blue) and Graph of n versus n—& (in green).

p()[A®) = > K(tt)w] + Y K(t ti)wpn(ty) = Az (t).

k=0 k=0
1 t 1 4 4
At) = / K(t,s)ds = / —V/tsln(t)ds +/ —Vtsln(s)ds = 5\/5— §t2
0 0 t
We seek for z,(t) = Z ¢;Li(t) then the equation becomes
=0

D e Li(t)[At) =Y K (i t)wil+ Y K (i te)wi L1 (t)} = A ¢;Li(t:),i =0, ...,n
j=0 k=0 k=0 J=0

In matrix notation,

Bc = \Dc

where

B = [bijlnvyemen), big = Li(t)[At) = > K (ts, ti)wi] + Y K (t, ) wi Li(t)

k=0 k=0

Cc = [C(), C1,Co, ..., Cn]T, D= [dzj] = [L](tz)]

We will solve for eigenvalue A and corresponding eigenfunction. This is a general-
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ized eigenvalue problem. From our numerical solution, the convergence rate of |\, — A|
is of order (e/n)™™. Figure 46 shows n versus error |\, — A| when n = 4,...,19 (in
blue) and p versus (e/n)"™™ (in green) on the same graph. In this figure we can see
that both graphs are of the same shape. This is slightly better than the rate shown in
Figure 45, using only n+1 Gaussian nodes when s < t and n+1 Gaussian nodes when
s > t for the numerical integration, and without reducing the effect of discontinuity

of the kernel on the solution.

10° . . . . . . . 10°

—e— NN
10°] (elp)"® |]
4
10F J ;
107t 1

10°F

10°F
107

|Iambda—|ambdan|

5
10 |
10°F

107

107 L L L L L L L 107

Figure 46: (a) Graph of n versus error |\, — A| when n = 4,...,19 (b) Graph of n versus

error |\, — A\| when n = 4,...,19 (in blue) and Graph of n versus (e/n)"(™ (in green).

Example 6: Love’s Equation (d = —1,A = 1)

o(t) - 2 / ﬁx@@#(t)

v _11+

1 1
1 (_s2 TTE We apply the same technique as in Example

5 together with the collocation method. The general form of the integral equation

In this case, K(t,s) =
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can be rewritten as

[1— /Ktsds]—)\/Kts — o()ds = (1)

(1) [1 - )\ZK (t,t5 wk] - )\ZK (t, t)wilz(te) — z(t)] = f(1),

k=0 k=0

where t) < t; <ty <, ..., t; are quadrature nodes, to reduce the effect of the singularity
of K(t,s) (along t = s) on z(t). The first sum and first term of the second sum cancel
out. The remaining integrand is still K (¢, s)x(s).

However, this technique works well only in the case that / K(t,s)ds can be
obtained analytically. It does not make much difference in the case that / K(t,s)ds

a

is computed numerically because the first integration term cancel out with the second
integration term(they both use the same quadrature rule).

But if / ’ K(t,s)ds = A(t)(can be obtain analytically), then the equation becomes

2(t)[L = AA() + A Kt t)wi] — XY K (t t)wga(ty) = f(t).

k=0 k=0

Apply the collocation method with the Legendre expansion and Gaussian nodes

—1l<ty<t;<ty<..<t,<1land x,(t chLk . Equation becomes

n

> " e{Lilt)[1 — MA(t; +)\ZK ti, tr)wy] Azn:K(ti,tk)kak(tk)} = f(t:)

§=0 = k=0

In matrix notation,

Bec=F
where
B = [bij)nr1)etms), bij = Lj(t:)[1—NA(t +)\ZK tis i) wi] =AY K (L, t)wy L (t)
k=0 k=0

ol LElUMN Zyl_i.lbl
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¢ = (co, c1, Ca, ...,cn)T,F = (f(to), f(t1), f(t2), ...,f(tn))T.

1 1
L f) =1, A=1.

For this example, K (t,s) = T1+(t—s)?
p _

It follows that

1 11 1 1 /=t 1
A@:/ MmMs:L/——————®=——/ — _du
1 ol (t—s)? T Jer 14+u?
A

t) = %[Arctan(t + 1) — Arctan(t — 1)]

1 1

F=(1,1,.,1)" Ktit)=——
(77 7) ) (;k) 7Tl+(ti—tk)2

The numerical result shown below is the numerical value of x(t) when ¢t = 0 and
n=3,5,...,19(odd). The maximum pointwise error max|z,(0) —z(0)| was computed

with x(0) = 1.919031993126952 obtained from MATLAB when n = 25(i.e. x25(0)).

E)O.Sn

Figure 47 shows that the convergence rate is of order ( or closer. Note that we

n

don’t have the exact solution to compare with our numerical result but what we use

is the numerical value when n is high.

107 - - - - - - - - 10°

.
O‘

.
o
&

10° b

=
o,
&

error

error(max|x"—x|)
e
o,

10|

=
S,
5

o
O‘

L L L L L L L L 1078
4 6 8 10 12 14 16 18 20 10° 10! 10°
P p

.
O‘

5
N

Figure 47: (a)Graph of n versus error |z,(0) — z(0)| when n = 3,...,19 (b) Graph of n

versus error |7,(0) — x(0)| for n = 3,...,19 (in blue) and Graph of n versus (e/n)%%" (in

green).
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Appendices

A Basic Theorems and Analysis

Al. The Fundamental Theorem of Calculus

From the Fundamental Theorem of Calculus

/t d%(EN(y»?dy — BU(T) - Bi(1)

S0 2/0 EN'%Eth = [Ex(T)] — [En(0)]?

(S En.Ex) = EN(T)P — S[Bn(O)

A2.Gronswall’s Inequality[36], Page 36
If , v are real-valued functions and continuous on [a,b] , t € [a,b] with 5(t) > 0

integrable on [a,b] and
o) < o)+ [ Blo)e(s)as.
Then

p(t) < aft) + / tﬁ(S)a(S)eﬁ glduds.

In particular, if o and k£ are constant and

o(t) <rg+ /t kp(s)ds.

Then

o(t) < reef= Vit € [a,b]
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A3. Upper bound for maximum norm [17], Page 301

If u:[0,7] — X then

max;epo,7)||u(t)]| < Cllullwieorx),

Forp=2u € W&.’;X) = u € Hj ),

IN

maxeo,r) || ()] Cllullwrzo,1,x)

IN

1
maxefo,ry||u(t) ClullZz o) + 1Dullz201))?

IN

(maxiepllu@®))* < CllulZom + 1Dullzz0m)

IN

du
max;e o7y |u(t)[* C(”U”%Z(O,T) + ”%”%Q(O,T))

A4.Shifted Chebyshev Polynomials on [0,T] [43, 44]

M q—
0] = [-11) , @ =200
SRR

Chebyshev polynomials of the first kind: 7, on [0,T] and T}, on [-1,1]

. 2t-T
T,

) =T,(x), T,(0) = cos(n), x = cos(d).

T 1

(t) j(ﬂﬁdt

~

|
T T 9
— (DT (t Zdt
/0 ()]()\/T2—4t2+4tT—T2T
J AR ——

0
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N

where @ = \/ﬂfﬁt is the weight corresponding to T, on [0, 7]

T
A . . 1
T ) = /T.'t:rft—dt
e B e
_ A e
) VT =
A 0 =t s%n(iG) —J s%n(j&)
_ —sin(0) —sin(0) —sm(@)d@

T2 /. sin(f)

4 . [T sin(if)sin(j6)
= — ——————=df

TQU/O sin?(0)
gt =721

0,17

Chebyshev polynomials of the second kind: U, on [0,T] and U, on [-1,1]

0,.(t) = U, (2 - Ly @), U(0) = —Si“(s(zlé)l)g),x — cos(0).
U, U)s = /T Ai(t)Uj(t)%\/tT—tzdt
_ /T ) Aj(t)\/T2 —4t2;r 4tT—T2%dt
- A (00,01~ (ot
= /1 Ui(z)Uj(x)V1 — 22dx

where @ = Z;V/tT — 2 is the weight corresponding to T,, on [0,T]
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A5. Projection Error [54, 55, 37, 43|
A5.1 Projection Error on [0,T]

Consider the expansion

t) = ZPka(t) ,q(t) = ZQka(t)

We design Iyp(t) = fozo T (t) so that (p —Iyp, Tp) =0 , m=0,...

oo o)
p—Tp= > wTu(t) , ¢—Tlvg= > aTk(t)
k=N+1 k=N+1
With this projection we have

(p — Inp, Tm)d),T =0 for m=0,..,.N

lp — Txpll2 - = Z pk2 —ypll? = Z q
k=N+1 k=N+1

Consider the coefficient for k& > 1, [44] page 71.

o= 2 [ o =2 [ e L
- 22;’;' / p<k>(x)(1—x2)k—%dg;
e ocor

P = zyc_;w(g)kp(k)(ﬁk)

2

lp—npllZr = g i (22;%! (g)kp(k)(ﬁk))
() )
mc? Z (23ik'TkMk)

IA
N
fMg

VAN
W
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) ) T2(N+1) | 2(N+1) T2(N+2) ) f2(N+2)
lp = Unpllor = 4me [26(N+1)(N + 1) + 26(N+2) (N + 2)12 T
) TN+1MN+1 2 T2M2 T4M4
= and( ) | ]
T\ ) U s e TV rsr(v r 22 T
Choose N such that 23(N +2)2 < 1. Then
TN+1MN+1 ) 1 1
2
Ip =Ml < 47 (e (N +1)! ) gzt

) TN+1MN+1 2
= e (23(N+1)(N ¥ 1)!)

Use Stirling’s formula: n! ~ ( ) V2mn. In fact, % ( ) Worm

H . ||2 < 4 Q(TN+1MN+1)2< e )2(N+1)( 1 )2
_ 2 T o (N 1)
p—Unplor = 93(N+1) N+1 2m(N + 1)

B 2¢2 ( TMe )2(N+1)
— S

N+1\8(N +1)
V2c eTM \(+1D)
Ip—Tivpl| < ( )
VN +1\8(N +1)
Similarly,

V2e eTR \(W+D)
—1II <
I =al < == (5w )

A5.2 Projection Error on [0,T]

p—Txp= > pTi(t) , ¢—Tvg= > aTx(t).

k=N+1 k=N-+1
4 d
7 —Tlyp) = Z peIi(t) 5 = (a—Tlvg) = Z aTh(t)
k=N+1 k=N+1
Then

d oo . oo .
Iz =TwlEr = (3 »li D piTje

k=N+1 j=N+1

- 4
= 2 Pk

k=N+1

- 2> (D) @) . a0

k=N+1
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d ) An® O~ a1 TNEL 2
IGe-mwlEr < S 3 K (e (3) M)

<
k=N-+1
167 o~ /7 VETFMF \2
T A (23k(k—1)!)
=N+1

By Stirling’s formula, T% < (%) \/21771 SO (TLT\/?;)' < \/LQTT(%) )

d 1672 = [kTFMF ky 2
||dt(p Np)”w,T — T2 k; 27.(.23k
=N+1

8c2e? & (T’“M’“() —1\ 2

T2 23k
k=N+1
8c2e? TN+ )N+ e Ny 2 T?M?e? /N + 1\2N
T ( 23(N+1) (N+1) ) [ +24(N+2)2(N+2)
N T M*e? (N+1)2N ]
28(N+3)*\N+3 '

Choose N such that 25(1{\,4—5)2 < 1. Then

86262 TN+1MN+1 e NN 2
o (s (757) ) |
16c2e®> T?M? ;1 TMe \2N
T2 42 (8(N+1))

TMe \N
8(N+1))

11
Lo+t ]

d 2
—(p — 2 <
|50~ Tap)E, < ;

d
”%(p_HNp)Hw,T < ceM(

Similarly,

d TRe NN
Z(g— o <

S(N + 1
A5.3 Projection Error on [0,T]

Consider the expansion

=> pli(t) | —p Zkak t)
k=0
By using the identity of the Jabobi polynomials [12]

dp"”
dz

1 o
= Skt 1+a+ )R
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The relationship for the derivative of the Chebyshev polynomials of the first kind
(a = f = —3) and the Chebyshev polynomials of the second kind (o = 8 = 1)
becomes

Tho(@) = (k4 DU) : TLa(0) = 2+ DO,

Zpkgkﬁk—l = ZﬁkUk
=1 =0

where p, = priz(k+1) , k>0

We define
N
HNplz ZﬁkUk SO (p/—HNp/, Um)Q,T =0 for m= 0,...,N.
k=0
P-Tnp' = Y wle ¢ —Tyd'= > @l
k=N-+1 k=N+1
Then
I =Tnp' 20 = (> 5lk Y 5eUk)o
k=N-+1 k=N-+1
e
- >
k=N-+1
We have from A5.1 that
TNk
no 2% () "
2(k + 1) 1 T k+1 2
s BWTP: _ T ( (_) (k+1) ) T
1" = Iy [I5 7 2 2 i) P &)) , & €(0,7)
< 7Y (mnln) )
- 22k |
- ( S P
k=N+1
- WCZM(TM) (N+1) 1 [ ( TMe )2
8 8 (N +1)12 8(N +2)

+(84(N Ersz;ng)v n 3)2) o]
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Choose N such that £Me_ « L Then

8(N+2) ~ V2
20 TMA2N+) ] 11
;o I / % < e <_) [1 - -y ]
lp NP ller < g R (N +1)2 * 2 " 22 *
_ 7M (TM)Q(N“) 1
- 4 8 (N +1)2
By Stirling’s formula, & < (%)n 217m
2N TMA2N+H) ] 11
T < T ( ) —[1 — ]
Ip o ler < 4 ) (N +1)!? 3 2 * 22 -
_ sz( TMe )2(N+1> 1
4 \8(N +1) (v/27(N +1))2

I — T < cM 1 ( TMe )(N+1)
P iapller = 5 BN TI\8(N +1)

Similarly,

Id = Tnd| 1 ( TRe )(N+1)
ller = 3 s e (v e

A6. Interpolation Error on [0,T]

Newton Divided Difference [15]: an interpolation at points xg, x1, .., Zp,l.e.

Pu(0) = f(x0), s puln) = f(2n),
p(x) = flxo) + o) flre, 1] + ... + Yu1(z) flxo, 1, .0\ )
where ¥, (z) = (z — x¢)...(x — z,,) (degree n+1) and

f(xn) — pno1(y)

(x —xg)..(x — 1)

f[xO;xb 7xn] = O0p =

For any interpolation at xo, 21, .., Tn, t7i'e' pn—l—l(xO) = f(x())’ "'7pn+1(xn) = f(xn)apn-l-l (t) =

Pri1(t) — pu(t) = f(t) — pu(t) = (t — x0)...(t — x) flxo, 1, .oy T, E]
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and we have

_ )

f[l‘o,l’l, ...,Zn,t] = m s 5 € H{l‘o,wl,...,l‘n,t}

(smallest interval containing xg, 1, ..., Tp, t).
h
On any interval [a, b], the linear mapping from [—1, 1] — [a, b] resulting C (5)"Jrl

as an extra term for the transformation involving .

A6.1 Interpolation Error of Legendre-Gauss-Lobatto points on [-1,1]

These are the points —1 =§; < & < ... <&, = 1 where ;s , i=1,...,n-1 are zeros
of Legendre polynomial L (z).

It follows that (z — &)...(x — &,—1) are factors of L/ (z) and it is a polynomial of

degree n — 1 so
Ly, (z) = a(z — &)...(x — &u-1).

Note that the expanded form for Legendre polynomial is given by

%
1 n\ (2n =20\ ,_
L@ = 5o () ()

=0

n
1=0
Therefore we can fine the leading coefficient a (when the degree of x is n—1) which

iIswhenl=0

Then
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Thus the interpolation error

f@) =pa(z) = (r—=&)(@ = &) (= &) (@ = &) [€0s &1 es &y 7]

2
= ('IL‘2 - I)WL;L(x)fEO;Eb "'7£nax]
2" n(n+1)
- n(2:) M + 1 (Ln+1(.'17) - Ln—1(37))f[50;§1: "',gn: 1’]
Fr(e)

f@) =) = a®)Lon(@) = Loa (@) Ty,

2n 2n+1
™ D)

the interpolation error

where ¢1(n) = . By Stirling’s formula, we obtain the upper bound for

Vi + LI )]

f(@) = pa(z) v

IN

2n (n+1)!
( 2(;_]{1) i
Note that on any interval [0, ],
f@) =palw) < C(Q(Z_J‘fl))nﬂ(%)nﬂ
f@) = palz) < 0(4(‘3;{ Tl))nﬂ

Next, consider the remainder of the derivative [54]

fll@)=pn(x) = a®)(Lyy (@) = Ly 1 (2)fEo: &1, - &ns 2] + 1 (n) (L1 (2) — Ln—1(2)) £ [§0, €1, s € 2]

= cl(n)(zn + 1)Ln(x)f[§0,§1y -~-a§na l‘] + Cl(n)(Ln+1(LL‘) - Ln—l(x))f[gfb 51’ ~-~,€n7 x, LL‘]
2cMnt2 cMmt!

< cl(n)m+01(n)(2n+1) (n+1)
< (i)"
- 2(n+1)

On an interval [0, T,

eM . T., eMT
2(n + 1)) (3)" = C<4(n +1)

f'(@) =po(z) < O )"
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A6.2 Interpolation Error of Legendre-Gaussian points
These are the points —1 < 2y < 21 < ... < z, < 1 where z;’s are zeros of Legendre
polynomial L, ().

It follows that (z — zp)...(x — z,) are factors of L,1(x) so
Lyi(x) = a(x — z)...(x — 2,).

Note that the expanded form for Legendre polynomial is given by

((n+1)/2)
1 n+ 1\ (200 +1) =20\ ..
Lin@) = 505 2 (_1)l< l >( n+1 >x o

=0

Therefore the leading coefficient a is

1 /2n+2
a = .
2n+1 7’L+1

Then
Lyi(z ontl
(0= 20)enla =) = 22 2 )
a (n+1)
Thus the interpolation error
f(ilf) _pn(x) = (iL' - ZO)(‘%‘ - Zn)f[ZOa Ry ees Znax]
2n—|—1
= (2n+2) Ln-{-l(x)f[Z(),Zl,...,Zn,iL']
n+1
2" (n+ 1P 1F V() loo
= T L ()
(2n +2)! (n+1)!

By Stirling’s formula and the smoothness of the function, we obtain the upper
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bound for the interpolation error

_ . 12n+1\/ﬂ(n+1)n+3/2 1 o2(n+1)
f@) =pal@) < eM™ entl (1+ 4(n+1))\/%(2n+2)2n+5/2
1 eM n+1 1
- OGSy i)
eM .4 1
< Vg i) <2

Note that on any interval [0, 77,

)n—f—l (Z)n—i—l

2

eM
2(n+1)
eMT
4(n+1)

IN

V20
V20(

f(z) = palz)

)n+1

IN

f(l‘) - pn(x)
A7.Difference of Projection and Interpolation Errors on [0,T]
Myp" = Znp)ll < IWxp’ =Pl + [lp — Znp)|l

From A5.3 and A6.1

M 1 TMe ~ (N+1) TMe
II o T / < ¢ C —— )~
ITnp' — (Zwp)'l| < 2\/5\/@(8(1\[“)) * (8(N+1))
TMe
< _tMe
= 0(8(N+1))
and
R 1 TRe ~ (N+1) TRe
Mg — (Ing)| < vz
g — (Zng)|| < 2ﬁm(8(N+1)) + (S(N—i-l))
< (&)N
= 8(N +1)
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B Symplectic Algorithms

Scheme 1: Second order midpoint Euler Scheme [19].

This is an implicit method. Let z = (p1, P2, -, Prs Q15 -5 Gn )5

0 I, 0 —-I,
J = so J = =—J,H.=[H,, . H, H,, . H,"
—I, 0 I, 0
1 1 1
E(Zk_'_l — Zk) = J_lHZ(§Zk+1 + EZk)

Simply written as

1 1
Pt = = hH (SN 4 Y, S (6 + )

1 1 |
¢ = @R, (GO P, S @ ), =1

For a linear system, we can replace the right hand side as

Lo ki1 ok gl ki1y L k
7 - = _Hz _Hz
T I L VA N Ve,
1
or pitt = pi = ho[He (0" M) + Hy (0", 6]

1
¢t = @+ g H (0" ) + Hy, (0, 6]

The equivalent scheme is symplectic for the linear system only. It is not symplectic
for nonlinear system.

Scheme 2: Second order scheme [26].

h
pf“ = pf - hHQi(pk+17 qk) Y Z(quHpj)qi(pkH’ qk)
j=1
E+1 K RN k1 ok
U= B 00 T Dy Hy ) () i =
j=1
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Note: Z?:l(quHpj)Qi (pkHa qk) = Z?:l(H‘IjHPj)Qi (plfH’ "'7pl'rii+17 qlf» e Qﬁ)T-

For n=1,
h2
pkﬂ = pk - th(pkH, qk) - 7(quHp + Hquq)(Pk+17 qk)
h2
o= ¢+ th(pkHa qk) + 7(quHp + prHq)(pk+17 qk)~

Scheme 3: Second order scheme for the three axis-symmetric Hamiltonian system

[25].
P = p+ Th sin(%p + ?@
Q1 = q— ih sm(%p + ?@
P, = P — ?h sin(%Pl - ?Ql)
Qy = Q) — ih sin(%Pl - ?Ql)
Py = P— ?h sin(%Pz - ?Qz)

1.1 V3
Qi = Qs5— Zh sm(§P3 - 7@3)
3 1 3
]3 = P3 + £h sin(—P3 + £Q4)
4 2 2
. 1 1 V3
g = Q4— Zh Sln(§P3 + 7@4)

Scheme 4: Second order scheme for the Henon-Heiles(HH) system [24].

it = pf = (g + 241 5)
pET = ph —h(gh + (a)" — (@3)")

@ o= @+ hp

gt = g5+ hpsT!
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